1. Let K = Q(v/3,V7).

(a) Use Galois theory to prove that & = /3 + /7 is a primitive element for K/Q, i.e. that K = Q(«x).
(6 points)
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Since Y\OVLQ_4 3, ‘7‘, anndk @;am_ sgmr\es in @, b)/ H\I&)
K ~ - 2= -3
¥ we Knaw 6al (K@) = G2 G, 7 e ‘0)’ C ﬁ——aJ‘;
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cov do Q) umder Ftae fund. Hom . As (x) =
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(g-c)(oe)—;—-f;—-ﬁ # oK we Mww«fp 6, T,
6T ae i H. 30 H=117 = Q] = Ky = K,
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(b) Consider the Q-linear transformation T: K — K where T(8) = o - B. Give the matrix A of T
with respect to the Q-basis {1,/3,/7,+v/21} of K. (2 points)

o= (3407 o3 &F
O(B:"B‘('J-Zl A"' ( o
O(J_;L—::}‘tﬁ‘ | o
«-J2i=3{3+3/7 °

(c) Describe how you could use the marix A to find express «~! as a + b/3 + ¢/7 + d+/21, where
a,b,c,d € Q. (2 points)

(?) is the (57 Column 4 A/‘.
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2. Let @ ¢ K c C, where K/Q is a finite Galois extension. Let T € Aut(C) by complex conjugation.
Prove or disprove: T(K) = K and so T gives an element of Gal(K/Q).
(8 points)

Aaim: T(K) = K.
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3. Let R be a principal ideal domain.

(a) If x is an irreducible element of R, prove that the ideal I = (o) is maximal. (4 points)

Swpport. I % anm Wdead witta T T =K.
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(b) Prove that any proper ideal I of R is contained in a maximal ideal. (6 points)

S(&PPog.e_ I:'(_O&) M o = Xo(le(gdp
u)/wu- 6 s o it and ‘H}u; o{l- ave EN‘&A. N\M-S"'
have ek lewst ona < ov dee 1=R.

/ﬂ’\'W\/ j-: (°<‘5 'S MM“\M@O \07/ (‘q ow;&é
Conskeing T sive o= d,‘(s&#).

(c) Does (a) remain true if R is just a UFD? Prove your answer. (2 points)

No. QLxyJ is a UFD where x 15 ivved
b‘*’k @D‘l)’] N | IS Mot o 4
% /U") v QLyT s wob o field



4. Consider the cyclotomic field K = Q(Z) where T = e?™"/>, We know K/Q is Galois with group
G = (2/52)".

(a) What is the minimal polynomial of T over Q? (2 points)

The ?ro\o reminds ws That [K @j.—.{@[ = L-/ = ({‘0(5)
30 IL((X)': XL(‘(’ X%—* Xz'f)(‘f‘ | wia @q{x)-(y-l) ;)(5__/

(b) How many subfields L of K are there with [L: Q] = 2? (2 points)
A . p S
Hou»e, G = C:_{ %Mv‘aied byg? é(Z/SZ) M C7

hes a swqle nedviviad scbogp (% C,). So exach]|
S suu\% L. x ( 4

(c) Let o € G send € — 2. Find the corresponding fixed field K(,). (4 points)

Note l61=9 sine S—>8—>g89 535%¢* 5T
ameh ‘73)5"}5”/5"} ane distnet et o (s o{_ K

I‘"P““‘b 65 =6 aud 2o K<6>:@\'

=
/\A——o
(d) Find the minimal polynomial of £? + £3 over Q. Your answer should not involve €.

(4 points)

Poplyng &, we s 6@)=SHS=f and o(p) =
So 60(": QOC} ﬁﬁ cw.d.
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5. Let F be a field of characteristic 0. Let K be the splitting field of an irreducible cubic f(x) € F[x].
Let &1, &2, &3 € K be the roots of f, and suppose that G = Gal(K/F) is all of S3.

(a) Show that F = Q and f(x) = x3 + x + 1 is an example of this situation, i.e. that f is irreducible
in Q(x] and G = S3. (4 points)

'g‘ts irced as :CG.TECX] has no roots inﬁa\u} A‘ﬁ <3

AS ‘Ql(x)._. 3)(2:*' ha.{ no Ml V'OO{‘Sl 'F l'\.CLS on‘y
o veal roof. Ln Pa\/“‘, Comnplox CmJ 6t\nes an M
4 G o{z ovday 2. As Gis e«'-]'tqfcaof 53, i+ vaus? be 33'

(b) Returning to the general case, for each j find the subgroup of G that corresponds to F(«;).
(2 points)

Fla) = {(23)>  Fly) &> a2
Fld) &= L(13)>
(c) Prove that F(c;) N F(ax2) = F. (2 points)
The subgp od G coor Fo Fl)N Flaa)
IS < (z%), (\33> which contaimns (17,7;)-*(23)-(!3)
and honee 5 all 4 G. Thuwo F(“\)nr’:("(z) = F
\?y‘l’(«u. Fand Thw |

(d) Prove that Aut(F(o)/F) is trivial. (4 points)

Tf 6e hd (FI)/g ), frnun 6 () 5 ot ot
{o(\,az,o(ﬂ see £e Fx]. ”BYCQ, &b o(,,;( F[o(.)
omd tr game ollows (»ro(a. o 6(~)=of, amd
5Mer A, gwevq,\tes L) we hawe & =14 Flo)

(e) Consider B = o3 + o3 + xzx3. Prove that K = F(B). (2 points)

Nole 6=(12%) ‘Cifo B since

pe Kooy whinn [KiKyyl= <6023, % (k:F]23,
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6. Consider the plane curve X = V(x2 — y2 — 1) c R?,

(a) Prove that X is smooth, and draw a picture of it. (4 points)

It = (1)(,*27) amdso TL=0 =D (xy)= (0s0) whick
s net v X . OX‘S snedth - }’/‘\ /

X=2/l+y™> \ >
/TN

(b) Let X be the corresponding curve in PZ. Find the defining equation for X in R[x, y, z], and find
all the points in X — X, i.e. all points at infinity. (2 points)

a=x-y-zt X NAR, - fueyo) |gwer-of
=3(xy.0) | x’ey“*_—;xﬁyg: §(r:1:0), (sl 0)}

(¢) Explain why your answers in (a) and (b) are consistent with the view that P is R? plus one point -

for each family of parallel lines in R2. (2 points) ~ P

The asymp{vks ot V\ﬂ) X \N\ | //
N

oo -\-c—HM..pR ok

\V\«Fthﬂ'\/ ////'K\\\‘

(d) What is the topology of X? What about if we replace with R with C? You do not need to justify
your answer, but should draw pictures. (2 points)

X 5 a.c,moQ—L OWC/ SZ

(1:1:0) _ . ’L’ﬂ)l
" 'S =Te
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7. Let V be the plane curve V(x? — y2 — 1) C C?, which is irreducible. Let K = C(V) be the function
field.

(a) Consider the rational function on V given by

o x2-y-1
f= 1 eEK

Prove that dom(f) = V, even though the denominator vanishes at (+/2,1) € V. (4 points)
Z
Tn V], have X 'A)/z'f(, S0 Canm vewride He nawmerator
2
G.S - = - ‘ . - by S
y ) ‘3_ )’(Y ) So —F Y/l (s om.o-"tuf Va,\‘&

expressivt for £ amd <o dem({) = V.

(b) Consider h(x,v) = x inC[V]asamap V — C. Let F = C(C) = C(1), and consider h*: F - K
be the induced homomorphism of fields. As this is 1-1, identify F with its image under h*.
Describe the extension K/F as F[ul/(p(u)) for some irreducible polynomial p (u) € F[u]. (6
points)

As W) =%, hawne W (@) = CK) insdle K. Neow
K/C is gon. é)/ Xy amd s0 K= Fly). Smee xl_iz" =0
in CLV], if plw=ub (1-x*) in FLud ttew p(y) = 0.
Moveover, plu) Ts ved & p has avoot in F <& p has
a voot in ((,[‘X](——-') X% s a squarve in LG““S
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monic avd lincav ((.e = 9(_4»0&) ad 4o —glz' had a nwonzevo liacar”
M. So plw= My ¢ () and K¥ FLulf0y

(o) Is K/F Galois? If it is, describe how each element of Gal(K/F) acts on K. (2 points)

Yes swce [K:FT22 . Goll(K/p) = C, qumsaled
b/ 6“%("—3“)/




8. Throughout, let k be an algebraically closed field.

(@) Suppose Vi, V, C k* are affine varieties defined by V; = V(I;). Prove directly from the definitions
that V1 U Vo = V(I; nI;) (4 points)

(,—C-)"I-'F Pe\].u\/,_ and fe N 12 Harn p in O’V\L\/".
St V; = V(T:) amd §e Ti we have £(p) = 0
=) pe\\/(I‘/\Iz>‘

(2) Swppese ?6\/('1’.\/)12) s ok i WG
\/‘U\/Z. Piek {Z(ef; witth —Gi(p)¢0i Thern
&’(:L(: 1.n IL siace T L ave CoLst) bt

BADW) = ) fu()£ 0, & codkad Se pe ViU Vz.

(b) Let J; and J, be radical ideals in k[xj,...,x,]. Prove that I = J; N J; is also a radical ideal,
ie.that frel=> f el (2points)

Suppose {nef. Thi for eacl |, Hza han
,(.w\é'J“. = gé -:)——‘ as I 5 vadical .
60 "(:6 S—;HTL:/J—:

Gx
(cj Show that I(V; U V) = I(Vi) nI(V,). (4 points) \ &&\\L\{‘\N‘a\
1 2) = 1 2/
94

St T; =1L (V) so tteat
Vi= V(T a “V(IW) =V" By (+), hae

V,uVy = YV(TinTo) . By ftee Mullsitz TC(viuV,)=
T (V(EIAL)) =vd (T nT,) =T, A1, by (b)
So I(\/lV\[Z)*‘I(Vu)nI(\/z,) as desived. .



