Non WebAssign Problems for Midterm 3

Section 15.4
1. The region R is more easily described by polar coordinates: R = {(r.8) |0 <r <4,0<8 <}

Thus [, f(z.y)dA = [Z7* [} f(r cos 8, r sin @) r dr df.

2. The region R is more easily described by rectangular coordinates: R = {(z.,y) | -1 <z < 1L,0<y<1-—z"}
Thus [f,, f(=.y)dA = [*, [0 =% f(z.y) dydz

3. The region R is more easily described by rectangular coordinates: R = {(z,7) | -1 <2z <1,0<y < iz + 1}
Thus [, f(z.y)dA = [1, [ f(=.y) dydz.

4. The region F 1s more easily described by polar coordmnates: R = {(nﬂ} |3<r<6, —3 <0<

vl

}-

Thus ffR f(z'__y:}d,—1=fw"’2 f:f(rcusﬁ__rsinﬂjrdrdﬂ_

—wj2

% @ [, e = 7 o re drde =2m[—te|" = n(1—e") foreach o Then lim x(1—¢") ==
e 0

O O

i 2 o2, 2
smce e”® — 0asa — oo. Hence [ [T e &) a4 =7

(b) Ifsq e =) g4 = I e eV drdy = (ffa e dﬂ:) (Jrfa e v dy) for each a.

Then, from (a), = = [[o. —(=* + v°) dA, s0

v = Jim [f, e dA= tim ([, e de) ([0, 67 ay) = ([T e do) ([T ay).

a—oo a—o0

To evaluate lim (ffn e d:r:) (ffn eV dy), we are using the fact that these integrals are bounded. This is true since

on[—1,1],0 < e < 1 while on (—co, —1), 0 < e <eandon(l,00),0 < e~® < ¢~® Hence

0< [P e de < [T e®dat [} det [P e de =2(e +1).
(©) Since ([, e dz) (J2, e dy) = 7 and y can be replaced by z, ([°2, ™" dz)z —  implies that

[ e do =47 Bute™® > 0forallz,so [*_ e de = /7.

— o0

(d) Lettingt = v2z, [ e de = [ 2 (e */2) dt, sothat /7 = 2= [ e t/2dtor [Z e t/2dt = /27

Section 15.6
2. E={(zr,y,2) |0€2<1,0<2<1—20<y<2—2:z},

the solid bounded by the three coordinate planes and the planes
z=1—2z,y=2—2=z
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Section 15.7
29. (a) The mountain comprises a solid conical region C'. The work done in hifting a small volume of material AV with density

g(F) to a height k(P) above sea level 1s h(P)g(P) AV. Sumnung over the whole mountain we get
W= [[[.h(P)g(P)dV.
(b) Here C is a solid right circular cone with radius £ = 62,000 ft, height # = 12 400 ft,

and density g(P) = 200 1b/fi® at all points P in C'. We use cylindrical coordinates:

—R(1—z H—z
W= [27[H [RO=2) 900y dr dz df = 27 [ 2002[172]72R0HF) g,
r
H R2 PR 2 H 222 2'3 i
=4unﬁ£ zT(1—§) dz:QDﬂrrRL (z—?—l—ﬁ)dz z
R
-2 z3 z“ H Hz 2H2 Hz
=2007R? | — — — =200nR?( — — = r H-z z
E Y

= 27R?H? = 27(62,000)*(12,400)* = 3.1 x 10" fi-lb

Section 15.8
11. p = 2 represents a sphere of radius 2, centered at the origin, so p < 2 1s this

sphere and its interior 0 < ¢ < 7 restricts the solid to that portion of the
region that lies on or above the xy-plane, and 0 < & < Z further restricts the
solid to the first octant. Thus the solid is the portion in the first octant of the
solid ball centered at the origm with radius 2.

28. If we center the ball at the origin, then the ball is given by
B={(p.0,0)|0<p<a0<8<27,0<¢< r}and the distance from any point (x,y, ) in the ball to the

center (0,0,0) 1s /22 4+ 42 + 22 = p. Thus the average distance 1s

1 fff i 1 f’ﬂ' f?‘ﬂ.’ fﬂ . 3 T . 2 o 3
—_— pdV = p-p sinodpdfdd = sin ¢ do dag ¢ dp
V(B) B §W03 o Jo 0 dma? [, 0 0

3 - T a 3
T 4ma? [—Cﬂso]u [915 [71494]0 = 4m3(2}(2ﬁ}(%‘3‘4) =2,
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Section 15.9
7. The transformation maps the boundary of S to the boundary of the image R, so we first look at side 5; mn the wv-plane. S5 1s
describedbyv =0 [0 <u<3],s0r=2u+3v=2uandy =u —v = u. Eliminating v, wehave r =2y, 0 < x < 6. Sy
1s the line segment u = 3,0 <v < 2, soxr=64+3vandy =3 —v. Thenv=3—y = xz=6+4+3(3—y)=15—-3y,
€<z <12 Ssyisthelmesegmentv =20 <u <3, sox=2u+b6andy=u—2 gvingu=y+2 = =x=2y+ 10,
€ <z < 12 Fmally, Ssisthesegmentu = 0,0 <v <2, soxr=3vandy=—v = z=—3y,0 <z < 6. Theimage of
set S is the region R shown in the zy-plane, a parallelogram bounded by these four segments.

[ ¥
S
0,2) (3,2) (6,3)
T
S, F 5 S, e
R (12,1)
0 Sl |l:!- 0] L 0 x
6,=2)

9. Sy isthelinesegmentu =v,0 < u < 1,s0y =v=uandx = »* = y°. Since 0 < u < 1, the image is the portion of the
parabolaz =32, 0 <y <1 Szisthesegmentv = 1,0 < u < 1 thusy =v = 1landz = »* 500 < = < 1. The image is
the line sepment y = 1,0 < = < 1. Syisthesegpmentu = 0,0 <v <1, soz=u’=0andy=v = 0<y <1 The
mmage 1s the segment = = 0,0 < y < 1. Thus, the image of 5 1s the region R m the first quadrant bounded by the parabola
x = y?, the y-axis, and the line y = 1.

v ¥
S,
(0,1) (Ln 0,1) (1,1)
R
S
8,3 —Tr
S
0 u 0 x

10. Substituting u = —
r

,v=%iﬂtou2—|—v251gives

2 2
x_2-|_:§—2 < 1, so the image of u* + v* < 1 is the
a

o 2 P
elliptical region = + =) <L

D
N
|~
e
NV
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a 0 0
17. (a) M = |0 b 0|=abcandsince u = E, v = 2, w = = the solid enclosed by the ellipsoid is the image of the
I, v, w) a b c
0 0 ¢

ball u* +v* +w® < 1. So

[[[e dV = [[]  abedudvdw = (abc)(volume of the ball) = Zwabe
wltw?pw? <1
22 2 L2
(b) If we te the surface of the earth by the ellipsoid + J + ——— = 1, then we can estimate
approxima p

63782 63787 63567
the volume of the earth by finding the volume of the solid E enclosed by the ellipsoid. From part (a), this is

[[[ dV = £=(6378)(6378)(6356) ~ 1.083 x 10'* km’.

18. The moment of intertia about the z-axis1s I. = [[[_ («® +3*) p(z. y. z) dV, where E 1s the solid enclosed by

2 2 2
Z . . . Iz, y.
I—z-l-i—z—i——z:1.AsmExermsel?(a),weusethetransfmmatmn.r:au,y=Em,z=cw,so (z,y,2)
C

B, v w) = abc and

I:

I (=% + V)kdvV = [[[  k(a®u® + b*v?)(abe) dudv dw

ultulfw? <1
= abek [ fﬂzqrfﬂ (a®p® sin® ¢ cos® 8 + b% p” sin® @ sin’ @) p® sin o dp df dop
= abeck [a2 N uhfui (p” sin® o cos® 0) p” sinddpdf do+b” [ ;Wfﬂl (o® sin® & sin’ 8) p* sin & dp d@ a’o]
— a®bek [ sin® pdo 77 cos®0d6 [ p* dp+ abPck [ sin® odo [T sin® 6d6 [, p*dp
= a®bek [% cos® & — cos D]:; [%9 + % sin 29] zﬂ- [% ] + ab®ck [ cos® ¢ — cos o] [%5 — % sin 29] 31 [%pﬁ];

=a’bek (3) (7) (%} +ab’ck (3) (7) (%} = 157 (a® + %) abck

Az, y)

4 letu=c+yandv =y, thenx=u—v,y=v,
9(u,v)

= 1 and R 1s the image under T of the triangular region with
vertices (0,0), (1,0) and (1, 1). Thus

[faFlx+y)dd= [} [(1) fw) dvdu= [ f(u)[v] Ty du= [, uf(u)du asdesired.
Section 15 Review
49 letu=y—zandv=y+zsoz=y—u=(v—z)—u = c=i(v—uwady=v—LI(v—u)=I(v+u).

Az.y)| _
Au, v)

020y _ 220y
Judv v Ou

bl =t

OB

with vertices (u, v) = (0,0), (—2,0), (0,2), and (—2. 2). So

[fovaa= [ [ E320(3) dues =3 (a2, o= 3 (2= o =337 — 3T =0

Thus result could have been anticipated by symmetry, since the mtegrand is an odd function of y and R 1s symmetric about

)| = |—3%| = . Ris the image under this transformation of the square

the x-axis.
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Section 16.4
22. By Green’s Theorem, = §_ 2* dy = 35 [[,2xdA = % [[,zdA =T and

—sxfovidr=—55 [[,(-29)dA=% [[,ydA=T

27. Since C' 15 a simple closed path which doesn’t pass through or enclose the ongin, there exasts an open region that doesn’t
contain the origin but does contain D. Thus P = —y/(=” + 3°) and @ = = /(=" + 3°) have continuous partial derivatives on
this open region containing D and we can apply Green’s Theorem. But by Exercise 17.3.33(a) [ET 16.3.33(a)],

OP[dy =0Q/dxz,s0 § __F-dr= [[ 0dA=0.
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Section 16.6
60. (a) Here » = asina, y = |AB|, and = = |OA|. But z
._IB 'S )
|OB|=|OC|+|CB|=b+acosaaﬂdsinﬁ'=ﬁsoﬂlat En)
= |OB|sinf = (b+ ) sin 8. Similark o= 104 0/ -""
Yy = siniy = GQCOs Q) 81N G, YQDS = |OB| > 8 CAlo ¥
i i / l\ B

x = (b+ acos a) cos . Hence a parametric representation for the £ Sl )

I =g 8N

torusis x = bcos# +acosa cosf, y = bsinf + acosa sin 8,
z=asina, Where 0 < a < 27,0< 8§ < 27

(b)

2
z 0 =10
=10 0
0
¥ 10 10
a=235b0=8

S}

() x =bcosf+acosa cos@,y =bsinfd +-acosa sinf, z = asina,sor, = {—asina cos§, —asina sinf, a cosa},
re = {(—(b+acosa)sind, (b+ acosa)cosf, 0) and
o XTg = {—ab cos c cos f — a’ cos o cos> 9_} i+ (—ab sin o cos # — a” sin o cos® H)J
+ (—ab cos” o sin® — a” cos® o sin B cos@ — absin® o sinf — a® sin® & sin® cos 6’} k

= —a(b+acosa)[(cosd cosa)i+ (sinf cosa)j+ (sina)k]

Then |ro X rs| = a(b+ acosa) \/cos? 8 cos? a + sin? @ cos? a +sin? a = a(b+ acosa).

Note: b > a,—1 < cosa < 1so |b+acosa| = b+ acosa. Hence

A(S) = 02'"' :w a(b+ acos a) da df = 27 [aba + o’ sina Eﬂ = 47’ab.
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