HW Solutions for Midterm 2

Section 13.1
14. If x = cost, y= —cost, z =sint, thenz® + 2" =land® + 27 =1,

so the curve is contained in the intersection of circular cylinders along the
z- and y-axes. Furthermore, y = —z, so the curve 1s an ellipse in the

plane y = —x, centered at the origin.

Section 13.2

1. (a) Y

r(4.5) = r{4)

Fr(4.2) — r(4)

(b) w = 2[r(4.5) — r(4)], so we draw a vector in the same

direction but with twice the length of the vector r(4.5) — r(4).

r(4.2) — r(4)
0.2
direction but with 5 times the length of the vector r(4.2) — r(4).

= 5[r(4.2) — r(4)], so we draw a vector in the same

(¢) By Definition 1, '(4) = lim w_ () = )

(4

r{4.5)—rid)

ri4.2] —ri4)

0.2

0.3
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4 Sincex =1+t=1+1, the (a), (© ¥ ®) r'(t) = <]=2Lv’?>1
curve is part of a parabola. Here we , ;
(1) (1) = (1,3
have y = 0.
r(l) .1
0 x

15. Here r(t) = (3sint, 4¢, 3cost), sor'(t) = (3cost, 4, —3sint) and |r'(¢)| = v/9cos? t + 16 + Osin® £ = /25 = 5.
The point (0, 0, 3) corresponds to ¢ = 0, so the arc length function beginning at (0, 0, 3) and measuring in the positive
direction is given by s(t) = [ |r'(u)|du = [; 5du=>5t. s(t)=5 = 5t=05 = =1, thusyour location after

moving 5 units along the curve 1s (3sin 1,4, 3cos 1).
Section 14.6
54. First note that the point (1, 1, 2) is on both surfaces. For the ellipsoid, an equation of the tangent plane at (1,1, 2) is

6z + 4y + 4z = 18 or 3z + 2y + 2z = 9, and for the sphere, an equation of the tangent plane at (1,1, 2) is
(2—8)z+(2—6)y+ (4—8)z = —180r —6x — 4y — 4z = —18 or 3= + 2y + 2z = 9. Since these tangent planes

are the same, the surfaces are tangent to each other at the point (1,1,2).
Section 14.7
2. (@) D = gz=(0,2) gyy(0,2) — [g24(0,2)]* = (—1)(1) — (6)> = —37. Since D < 0, g has a saddle point at (0, 2) by the
Second Derivatives Test.

() D = ge=(0. 2) gyy (0.2) — [g24 (0, 2)]2 = (—1)(—8) — (2)* = 4. Since D > 0 and go=(0,2) < 0, g has a local

maximum at (0, 2) by the Second Derivatives Test.

(©) D = g22(0.2) g45(0.2) — [g24(0.2)]* = (4)(9) — (6)* = 0. In this case the Second Derivatives Test gives no
wnformation about g at the pomnt (0, 2).

3. In the figure, a pomt at approximately (1, 1) 1s enclosed by level curves which are oval in shape and indicate that as we move
away from the pomt in any direction the values of f are increasing. Hence we would expect a local mummum af or near (1, 1).
The level curves near (0, 0) resemble hyperbolas, and as we move away from the origin, the values of f increase in some
directions and decrease in others, so we would expect to find a saddle point there.

To venify our predictions, we have f(z,y) =4+ 2° +y° —3zy =  fo(x.y) = 32> — 3y, fu(z,y) = 3y" — 3z. We
have critical points where these partial derivatives are equal to 0: 32" — 3y = 0, 3y® — 3» = 0. Substituting y = = from the
first equation into the second equation gives 3(z*)> =3z =0 = 32(2*—1)=0 = =z =0orz = 1. Then we have
two critical points, (0, 0) and (1, 1). The second partial derivatives are f.(x, y) = 6z, fzy(x. y) = —3, and f, (>, v) = 6y,
50 D(.y) = fox (2, ) fyu (@) — [foy (2. y)]* = (62)(6y) — (~3)? = 362y — 9. Then D(0. 0) = 36(0)(0) — 9 = —9,
and D(1.1) = 36(1)(1) —9 = 27. Since D(0.0) < 0, f has a saddle point at (0, 0) by the Second Derivatives Test. Since

D(1,1) > 0 and fo.(1.1) > 0, 7 has a local minimum at (1, 1).
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2. f(x,y)= 1‘29«9_"—'2_!"2 =
fe= :r:'z;:,:e_"—'z = (—2x) + Qxye_xz_'*"z = 2zy(1 — xzje_zz_yz,

fo=aye ™ TV (=2y) + 2% TV =2 (1-20)e = Y,

ez = 2y(22* — 5z + 1:}6_%;_9:?

fay = 2(1 — 2%)(1 — 2y2}e_m2_92, fuy = 22%y(2¢% — 3;}9_“2_'92.
fe =0mmplies x =0,y =0, 0r x = 1. If r = 0 then f,, = 0 for any y-value, so all points of the form (0, y) are critical
points. If y =0then f, =0 = 226 =0 = z= 0, so (0, 0) (already included above) is a critical point. If » = +1

then (1 —23;«2:}.9_1_""Iz =0 = y= :I:715,50 (:I:L ?15) and (:I:]._ —;15) are critical points. Now

D(:I:l._ 7}3) — 86 > 0, fou (:I:l, 315) — 2/3 2 UandD(:I:l.,—vlg) —8e 30,

fu(:l:l._ —?15) — 2332~ 0,50 f(:l:l., 715) = —=¢~%/2 are local maximum points while

f(:l:l, —7}5) = — =~/ are local minimum points. At all critical points (0, ) we have D(0, ) = 0, so the Second

Derivatives Test gives no information. However, if y > 0 then .rzye_”z_"‘z = 0 with equality only when = = 0, so we have
local minimum values £(0,y) = 0, y > 0. Similarly, if y < 0 then z*ye™> ~¥ < 0 with equality when z = 0 so

f(0,y) =0, y < 0 are local maximum values, and (0, 0) is a saddle point.

38. f(x.y) = 3ze? — 2° — %Y is differentiable everywhere, so the requirement ) i
L [
il
i
:f!;-‘:; EH’

for critical points is that f, = 3¢¥ — 32> =0 (1) and
fy =3ze¥ — 3% =0 (2). From (1) we obtain e¥ = z* and then (2) gives

32° —32°=0 = xz=10r0,butonlyz = 1 is valid, since = = 0

makes (1) impossible. So substituting = = 1 into (1) gives y = 0, and the —24
only critical point is (1, 0).
The Second Derivatives Test shows that this gives a local maximum, since

D(1,0) = [—6x(3ze — 9¢*¥) — (3¢¥)°] , , =27 > O and fou(1,0) = [-62] , ;) = —6 < 0. But £(1,0) = l isnotan

(1,0)

absolute maximum because, for instance, f(—3,0) = 17. Tlus can also be seen from the graph.
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52. Let x be the length of the north and south walls, y the length of the east and west walls, and = the height of the building.
The heat loss is given by h = 10(2yz) + 8(2xz) + 1(zy) + 5(zy) = 6zy + 16zz + 20y=.

The volume is 4000 m®, so xyz = 4000, and we substitute z = %‘:’ to \
(30.2)
obtain the heat loss function A(z, y) = 6xy + 80,000/ + 64,000 /y. } = 1000
X
L, L,
(a) Since z = 2290 > 4, 2y < 1000 = y < 1000/z. Also x > 30 and (1%, 30)
y > 30, so the domain of his D = {(z.y) | z > 30,30 < y < 1000/z}. Go.301 L, \

(b) h(z,y) = 6y + 80,000z + 64,000y = h, =6y — 80,000z, h, = 6x — 64,000y~ 2. h, = 0 implies

80,000 L _ 622 '\’

2 _ 2 . o

6x°y = 80000 = y= 62 and substituting mnto hy = 0 gives 6x = 64’000(801[)00)
80,000% 50 DUO 5[] 000 80

3 —

@ == 61000 = {f — —1[]1',1 = = 60 andtbeonlymtlcalpomtofhls
5/50 80 L .
10 3 6o 7= (25.54, 20.43) which is not in D Next we check the boundary of D.

On L:: y = 30, h(z, 30) = 180 + 50,000/ + 6400/3, 30 < = < 2% Since A'(z, 30) = 180 — 80,000/=> > 0 for
30 < = < 220 h(x, 30) is an increasing function with minimum £ (30, 30) = 10,200 and maximum

h(122,30) = 10,533.

On L,: y = 1000/z, h(x, 1000/z) = 6000 + 64x + 80,000/x, 30 < x < 130

Since h'(x. 1000/x) = 64 — 80,000/z> < 0 for 30 < & < 122 k(. 1000/x) is a decreasing function with minimum
k(122 30) = 10,533 and maximum / (30, 122) ~ 10,587.

On Ls: = = 30, h(30,y) = 180y + 64,000,y + 8000/3,30 < y < 2% A’(30,y) = 180 — 64,000/y* > 0 for

30 <y < L;.U, so h(30, y) is an increasing function of y with minimum ~(30, 30) = 10,200 and maxinmum

h(30,13%) =~ 10,587

Thus the absolute minimmm of  is 2(30, 30) = 10,200, and the dimensions of the building that minimize heat loss are

walls 30 m in length and height 2%9% — 20 ~ 4 44 m

302
(c) From part (b), the only critical point of k, which gives a local (and absolute) minimum, is approximately
h(25.54,20.43) =~ 9396_ So a building of volume 4000 m” with dimensions = ~= 25 54 m, y == 20 43 m,

. 1000 —
2 R R R 7.67 m has the least amount of heat loss.
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Section 14.8
1. At the extreme values of f, the level curves of f just touch the curve g(z, y) = 8 with a common tangent line_ (See Figure 1

and the accompanying discussion.) We can observe several such occurrences on the contour map, but the level curve

flx, y) = c with the largest value of ¢ which still intersects the curve g(x, y) = 8 1s approxumately ¢ = 59, and the smallest
value of ¢ corresponding to a level curve which intersects g(x, y) = 8 appears to be ¢ = 30. Thus we estimate the maxinmum
value of f subject to the constraint g(x, y) = 8 to be about 59 and the minimum to be 30.

2. @) flz.y) ==, glz.y) =y +2*—2"=0 = Vf={(1,0)=AVg= (42" — 3z, 2y). Then
1 =\(4z® —32%) (1) and 0 = 2)\y (2). We have A # 0 from (1), so (2) gives y = 0. Then, from the constraint equation,
2*—2°=0 = 2*(x—1)=0 = z=0o0rx= 1. Butz =0 contradicts (1), so the only possible extreme value
subject to the constraint is f(1,0) = 1. (The question remains whether this is indeed the mininmm of f)

(b) The constramtis > + z* —2® =0 &  y* = 2® — &*. The left side 1s non-negative, so we must have z* — z* > 0
which 1s frue only for 0 < = < 1. Therefore the mimnmmum possible value for f(x, y) = = 15 0 which oceurs forx =y = 0.
However, AW g(0,0) = A {0 —0,0) = (0,0) and Vf(0,0) = (1,0}, s0 V(0,0) £ AVg(0, 0) for all values of .

(c) Here Vg(0,0) = 0 but the method of Lagrange multipliers requires that Vg = 0 everywhere on the constraint curve.

Section 16.1
35. (a) We sketch the vector field F(x, y) = =1 — y j along with

several approximate flow lines The flow lines appear to be
hyperbolas with shape similar to the graph of y = £1/=,

so we might guess that the flow lines have equations

y=C/=z

= I - R

(b) f x = x(t) and y = y(¢) are parametric equations of a flow line, then the velocity vector of the flow line at the
point (=, y) is =’ (¢) i+ 3’ () j. Since the velocity vectors coincide with the vectors in the vector field, we have
2'(t)i+y'(t)j=2i—yj] = dr/dt==x, dy/dt=—y. To solve these differential equations, we know
defdt =2 = dxfz=dt = I|z|=t+C = z==e'"% = A¢’ for some constant A, and
dy/dt =—y = dy/y=—dt = Ihly|=—t+K = y=2e*"¥ = Be* for some constant B. Therefore
zy = Ae*Be™ = AB = constant. If the flow line passes through (1, 1) then (1) (1) = constant =1 = zy=1 =

y=1/z,2>0.

Section 16.2
17. (a) Along the ine x = —3, the vectors of F have positive y-components, so since the path goes upward, the integrand F - T 15

always positive. Therefore [ F -dr = [ F - Tds is positive.

(b) All of the (nonzero) field vectors along the circle with radius 3 are pointed in the clockwise direction, that 1s, opposite the
direction to the path. So F - T is negative, and therefore [, F -dr = [, F - T ds is negative.
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37. From Example 3, p(z, y) = k(1 — y), © =cost, y=sint,andds=dt, 0 <t <7 =
I.= [_v’p(x,y)ds = [ sin’ t[k(1 —sint)] dt = k [ (sin® t — sin® ¢) dt

Letu = cost, du = —sint di
in the second integral

=1k [] (1 —cos2t)dt — k [ (1 — cos® ) sint dt
aT -1 yis
=k[5+ 70 - ) du] = k(5 - 3)
I,= [ z"p(z,y)ds =k [ cos’t(1 —sint)dt = £ [7(1+ cos2t)dt — k [ cos® tsintdt

= k(Z — 2), using the same substitution as above.

48. Use the orientation pictured in the figure. Then since B 1s tangent to any circle that lies in the plane perpendicular to the wire,
B = |B| T where T is the unit tangent to the circle C: z = rcos 8, y = rsinf. Thus B = |B| (—sin#, cos8). Then
[.B-dr= [27|B|(—sin8, cos8) - (—rsinb. rcos6) df = [I7 |B|rdf = 2rr |B|. (Note that |B| here is the magnitude
of the field at a distance » from the wire’s center.) But by Ampere’s Law [_ B - dr = y,I. Hence |B| = u,I/(27r).

Section 16.3
11. (a) F has continuous first-order partial derivatives and ,5% 2y = 2x = ,5% (z*) on R*, which is open and simply-connected.
Thus, F 1s conservative by Theorem 6. Then we know that the line integral of F 1s independent of path; in particular, the
value of [_ F - dr depends only on the endpoints of C'. Since all three curves have the same initial and terminal points,
[ F - dr will have the same value for each curve.
(b) We first find a potential function f, so that Vf = F. We know fz(x,y) = 2xy and fy(z, y) = =* Integrating
fe(z, y) with respect to =, we have f(z.y) = ="y + g(y). Differentiating both sides with respect to y gives
fulz.y) = 2" + ¢'(y), sowe nmsthave =* + ¢'(y) =2 = ¢'(y) =0 = g(y) = K, aconstant.
Thus f(z,y) = 2y + K All three curves start at (1, 2) and end at (3,2), so by Theorem 2,
fCF-dr=f(3,2:}—f(1,2:}= 18 — 2 = 16 for each curve.

20. Here F(x,y) = (1 —ye ®)1+ e ©]. Then f(x,y) = = + ye * is a potential fimction for F, that is, Vf = F so
F is conservative and thus its line integral is independent of path. Hence

Jo(l—ye™)dz+e ®dy= [ F-dr=f(1,2) — f(0,1) = (1 +2e7 ') — 1 =2/e.

23. We know that if the vector field (call it F') is conservative, then around any closed path C, Jrc F-dr =0 Buttake C'tobea

circle centered at the origin, oriented counterclockwise. All of the field vectors that start on C' are roughly i the direction of
motion along C', so the integral around €' will be positive. Therefore the field is not conservative.

24. If a vector field F 1s conservative, then around any closed path C, [_ F - dr = 0. For any closed path we draw in the field, it
appears that some vectors on the curve point in approximately the same direction as the curve and a similar number point in
roughly the opposite direction. (Some appear perpendicular to the curve as well) Therefore it is plausible that [ F - dr =0

for every closed curve € which means F 1s conservative.
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26. Vf(z,y) = cos(z — 2y)i— 2cos(z — 2y) j
(a) We use Theorem 2: [ F-dr = [ Vf-dr= f(r(b)) — f(r(a)) where C; startsatt = a and ends at t = b. So
because f(0,0) = sin0 = 0 and f(7, 7) = sin{7m — 27 ) = 0, one possible curve C; 1s the straight line from (0, 0) fo
(w,); thatis, r(t) = mti+mt), 0 << 1
(b) From (a), Icg F-dr = f(r(b)) — f(r(a)). Sobecause f(0,0) = sin0 = 0 and f(%,ﬂ) = 1, one possible curve C4 is
r(t) = Zti, 0 < ¢ < 1, the straight line from (0, 0) to (3, 0).

y P y? — 2t x Q Yy — a2t Th a_P_aQ

O T N T ey MO T E e Ty oy 0

b)Ci:x=cost,y=sint,0 <t < 7, Ch. x =cost,y =sint,t =27 tot = 7. Then

/' F-dr:f (—smt}(—smt]+{cust}(cost}dtzf dt:rraﬂdf F-dr:f g —
=51 0 0 Ca 2

cos?t +sin’ ¢

Since these aren’t equal, the line integral of F' isn’t independent of path. (Or notice that [ F -dr = fﬂh dt = 27 where
C3 is the circle * + y* = 1, and apply the contrapositive of Theorem 3.) This doesn’t contradict Theorem 6, since the

domain of F', which is R? except the origin, isn’t simply-connected.
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