Section 12.1

1. We start at the origin, which has coordinates (0, 0, 0). First we move
4 units along the posifive z-axis, affecting only the xz-coordinate,
bringing us to the point (4, 0, 0). We then move 3 units straight
downward, in the negative z-direction. Thus only the z-coordinate 1s
affected, and we arrive at (4,0, —3).

3. The distance from a pomt to the xz-plane 1s the absolute value of the y-coordinate of the pomnt. @(—5, —1,4) has the
y-coordinate with the smallest absolute value, so ¢ is the point closest to the zz-plane. R(0, 3, §) must lie in the yz-plane
since the distance from R to the yz-plane, given by the z-coordinate of R, is 0.

5. The equation = 4+ y = 2 represents the set of all points n z
____.-"".-...-.'....:_,..—-)'=2_I
E® whose z- and y-coordinates have a sum of 2, or
equivalently where y = 2 — . This is the set ” y=2—x:2=0
{(z,2 — z,2) | € R, z € R} which s a vertical plane 5,._.:‘-—'“-';‘-;
2
that mtersects the xy-planemm thelimey =2 — 2, z = 0. X
_,.--"'-F_-_—/

11. An equation of the sphere with center (1, —4,3) andradius 515 (z — 1)* + [y — (—4)* + (2 —3)* =5 or
(z —1)* + (y+4)* + (2 — 3)® = 25. The intersection of this sphere with the zz-plane is the set of points on the sphere
whose y-coordinate is 0. Putting y — 0 into the equation, we have (z — 1)* +42 + (2 —3)* =25, y = Oor

(z—1)*> + (2 —3)* =9, y = 0, which represents a circle in the zz-plane with center (1, 0, 3) and radius 3.
25. The inequality = >> 3 represents a half-space consisting of all points in front of the plane =z = 3.

31. Here z° + 2z° < O or equivalently v/z? + 2% < 3 which describes the set of all pomts in R whose distance from the y-axis 1s
at most 3. Thus, the inequality represents the region consisting of all points on or inside a circular cylinder of radius 3 with
axis the y-axis.

Section 12.2
oL i —F ) o ) } —F } — — }
4. (a) The initial point of QR is positioned at the terminal point of PQ, so by the Triangle Law the sum P + QR is the vector

o
with mitial point P and terminal pomt R, namely PR.

i —F —F ) . Lo ) ) } —F

(b) By the Triangle Law, RP + PS is the vector with initial point B and terminal point S, namely RS.

. . —_— b 4 — e . —F —_— . . .
(c) Fust we consider @S — PS as Q5 + (—PS). Then since — P.5 has the same length as P.5' but points in the opposite
—_— — —_— — —_

i . e —_—
direction, we have — PS5 = SPandso @S — PS=Q5 + 5P = QP.

—_— — — — —r) —_— — — —

(d) We use the Tniangle Law twice: RS + SP + PQ = (RS—!—SP + PQ =RP+ PQ = RQ@

u (b) u—v (©) v+w
utvw w ﬂw
v

5. (a) (d
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Section 12.3

1.

1.

53.

(a) a - b is a scalar, and the dot product is defined only for vectors, so (a - b) - ¢ has no meaning,

(b) (a - b) c 15 a scalar multiple of a vector, so 1t does have meamng.

(c) Both |a| and b - ¢ are scalars, so |a| (b - ¢) 15 an ordinary product of real numbers, and has meaning.

(d) Both a and b + ¢ are vectors, so the dot product a - (b + c) has meaning.

(e) a - b is a scalar, but ¢ is a vector, and so the two quantities cannot be added and a - b + ¢ has no meaning.
(f) |al is a scalar, and the dot product is defined only for vectors, so |a| - (b + ¢) has no meaning.

u, v, and w are all unit vectors, so the triangle 1s an equilateral friangle. Thus the angle between u and v 1s 60° and
u-v = |u||v|cos60° = (1)(1)(1) = 1. If w is moved so it has the same initial point as u, we can see that the angle

between them is 120° and we have u - w = |u| [w| cos 120° = (1)(1)(—3) = —3.

Consider the H—C—H combination consisting of the sole carbon atom and the two hydrogen atoms that are at (1,0, 0) and
(0,1,0) (or any H—C—H combination, for that matter). Vector repre&entatiuns of the line segments emanating from the
carbon atom and extending to these two hydrogen atoms are (1 — 2, 0— 2, 0— 1) = (1 —1 —1)and

(0— 11-10— %) = {—%, %,—%}_ The bondangle, @, is therefore given by

.( 11 l
< 'i’ i’ '31 —_,— = = Qus_i(—%) = 109.5°.
212 3

The distance between a point and a line 1s the length of the perpendicular
—_—
from the point to the line, here ‘PS‘ = d. But referring to tnangle PQ5,

— —_— ) —
d= |P.S‘| - |QP| sin @ = |b|sin 6. But @ is the angle between QP = b

R — b
r ~ and QR — a. Thus by Theorem 6, sin 8 — |r |X|b||
a

bllaxb| _|axb

and so d = |b|sinf = =
|a| |b] |al

b)a— QR — (—1,—2,—1) and b = QP = (1,—5,—T7). Then

ax b= {(=2)(=7) = (=1)(=3). =1)(1) = (=1D)(=7), (=1)(=5) — (=2)(1)) = (9. —8.7).

) ) _|axb|_1v,r—_F_\/;
Thusthedlstancelsd_T_:,E 81+64+49= /==, /=

.(@No.Ifa-b=a-c, thena- (b — ¢) =0, s0 a is perpendicular to b — ¢, which can happen if b # ¢. For example,

leta=(1,1,1),b=(1,0,0) and ¢ = (0, 1,0).

(b) No. If a x b = a x e thena x (b — ¢) = 0, which implies that a is parallel to b — ¢, which of course can happen
ifb #c.

(c) Yes. Since a - ¢ = a - b, a is perpendicular to b — ¢, by part (a). From part (b), a is also parallel to b — ¢. Thus since
a 3£ 0 but 1s both parallel and perpendicular tob — ¢, wehaveb —c¢ =0,s0b =c.
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Section 14.1

23. z =10 — 4z — 5y or 4= 4 5y + » = 10, a plane with
intercepts 2.5, 2, and 10.

z

X

25. z = y” + 1, a parabolic cylinder

z

27. z = 42 +y* + 1, an elliptic paraboloid with vertex
at (0,0,1).

™ e i

34. ¥
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61. k£ = = + 3y + 5= is a family of parallel planes with normal vector (1,3, 5)

64. k = 2® — ” 15 a family of hyperbolic cylinders oriented vertically. The cross section of each level surface in the xy-plane is a
hyperbola with axis the x-axis when & > 0 and y-axis when k& <0 0. (When k = 0, the level surface 1s two mtersecting vertical

planes.)
Section 14.3 L
_ _ 2 23172 _ 1 2 2 _ _ x
8. u=Iny/2? +y* =In(z" +y°) /" = 3In(z" +¢°) = u$_§x2+y2.2x_r2+y2’
T 2 2y —2 _ 2y _ 1 1 _ Y
- 2xy
Uyz =y(—1]{xz+yg_} 2[:2I) m 'Ihusuzy = Uyz-
_ 3 1/3
8. £,(0,0) = lim JOFRO OO, WHOT 70 by
h—0 h A—0 h h—0 h

Or: Letg(x) = f(x,0) = 3/ + 0 = x_Then g'(x) = 1 and g'(0) = 1 so, by (1), f=(0,0) = §'(0) = 1.

13. f(2.y) = . The partial derivatives are fo (=) = W

fulz,y) =z(=1)(z+y) -1 =—=z/(z +y)? 50 f=(2.1) = 1 and £, (2,1) = —2_ Both f- and f, are continuous

=y/(z+y)® and

functions for y # —=x, so f 1s differentiable at (2, 1) by Theorem 8. The linearization of f at (2, 1) 1s given by

L(z,y) = fE )+ 2. 1)(-2)+ 20y —-1)=323+3(—-2) -2y - 1) =3=—3v+3
Section 14.5
55. (a) Since f is a polynomial, it has continuous second-order partial derivatives, and

Fltz, ty) = (t)?(ty) + 2(¢z) (ty)® + 5(ty)® = =y + 28%2y” + 567" = ¥ (y + 229 + 5¢°) =7 f (=, y)-
Thus, f is homogeneous of degree 3.

(b) Differentiating both sides of f(ixz, ty) = t" f(z, v) with respect to ¢ using the Chain Rule, we get
a
7 [ ty) = 5, [ flz9)] &

( z) Oty) _

a(t y £t ot 3(: )

flte.ty) - flta. y)+y3(t ]f(tw ty) = nt" " f(z, y).

B(t )

Setting ¢t = 1: xa—i fle,y)+ ya—yf(;r, v) =nflz. y).

Section 14.6
1. We can approximate the directional derivative of the pressure function at K in the direction of S by the average rate of change

of pressure between the pomts where the red line intersects the contour lines closest to K (extend the red line slightly at the
left). In the direction of S, the pressure changes from 1000 millibars to 996 millibars and we estimate the distance between
these two points fo be approximately 50 km (using the fact that the distance from K to S 1s 300 km). Then the rate of change of

pressure in the direction given is approximately 226 =190 — _0 08 millibar /km.
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36. The curve of steepest ascent is perpendicular to all o]

of the contour lines.

P

38. If we place the initial point of the gradient vector V f (4, 6) at (4, 6), the vector is perpendicular to the level curve of f that
mcludes (4, €), so we sketch a portion of the level curve through (4, €) (using the nearby level curves as a gmideline)
and draw a line perpendicular to the curve at (4, €). The gradient vector 1s
parallel to this line, pomnting in the direction of increasing function values, and
with length equal to the maximum value of the directional derivative of f at
(4,6). We can estimate this length by finding the average rate of change in the
direction of the gradient. The line intersects the contour lines corresponding to
—2 and —3 with an estimated distance of 0.5 units. Thus the rate of change is

—2—(=3)
0.9

approximately = 2, and we sketch the gradient vector with

length 2.

Rest of Chapter 14 questions later, after Chapter
13 stuff.
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HW Solutions for Midterm 2

Section 13.1
14. If x = cost, y= —cost, z =sint, thenz® + 2" =land® + 27 =1,

so the curve is contained in the intersection of circular cylinders along the
z- and y-axes. Furthermore, y = —z, so the curve 1s an ellipse in the

plane y = —x, centered at the origin.

Section 13.2

1. (a) Y

r(4.5) = r{4)

Fr(4.2) — r(4)

(b) w = 2[r(4.5) — r(4)], so we draw a vector in the same

direction but with twice the length of the vector r(4.5) — r(4).

r(4.2) — r(4)
0.2
direction but with 5 times the length of the vector r(4.2) — r(4).

= 5[r(4.2) — r(4)], so we draw a vector in the same

(¢) By Definition 1, '(4) = lim w_ () = )

(4

r{4.5)—rid)

ri4.2] —ri4)

0.2

0.3
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HW Solutions for Midterm 2

4 Sincex =1+t=1+1, the (a), (© ¥ ®) r'(t) = <]=2Lv’?>1
curve is part of a parabola. Here we , ;
(1) (1) = (1,3
have y = 0.
r(l) .1
0 x

15. Here r(t) = (3sint, 4¢, 3cost), sor'(t) = (3cost, 4, —3sint) and |r'(¢)| = v/9cos? t + 16 + Osin® £ = /25 = 5.
The point (0, 0, 3) corresponds to ¢ = 0, so the arc length function beginning at (0, 0, 3) and measuring in the positive
direction is given by s(t) = [ |r'(u)|du = [; 5du=>5t. s(t)=5 = 5t=05 = =1, thusyour location after

moving 5 units along the curve 1s (3sin 1,4, 3cos 1).
Section 14.6
54. First note that the point (1, 1, 2) is on both surfaces. For the ellipsoid, an equation of the tangent plane at (1,1, 2) is

6z + 4y + 4z = 18 or 3z + 2y + 2z = 9, and for the sphere, an equation of the tangent plane at (1,1, 2) is
(2—8)z+(2—6)y+ (4—8)z = —180r —6x — 4y — 4z = —18 or 3= + 2y + 2z = 9. Since these tangent planes

are the same, the surfaces are tangent to each other at the point (1,1,2).
Section 14.7
2. (@) D = gz=(0,2) gyy(0,2) — [g24(0,2)]* = (—1)(1) — (6)> = —37. Since D < 0, g has a saddle point at (0, 2) by the
Second Derivatives Test.

() D = ge=(0. 2) gyy (0.2) — [g24 (0, 2)]2 = (—1)(—8) — (2)* = 4. Since D > 0 and go=(0,2) < 0, g has a local

maximum at (0, 2) by the Second Derivatives Test.

(©) D = g22(0.2) g45(0.2) — [g24(0.2)]* = (4)(9) — (6)* = 0. In this case the Second Derivatives Test gives no
wnformation about g at the pomnt (0, 2).

3. In the figure, a pomt at approximately (1, 1) 1s enclosed by level curves which are oval in shape and indicate that as we move
away from the pomt in any direction the values of f are increasing. Hence we would expect a local mummum af or near (1, 1).
The level curves near (0, 0) resemble hyperbolas, and as we move away from the origin, the values of f increase in some
directions and decrease in others, so we would expect to find a saddle point there.

To venify our predictions, we have f(z,y) =4+ 2° +y° —3zy =  fo(x.y) = 32> — 3y, fu(z,y) = 3y" — 3z. We
have critical points where these partial derivatives are equal to 0: 32" — 3y = 0, 3y® — 3» = 0. Substituting y = = from the
first equation into the second equation gives 3(z*)> =3z =0 = 32(2*—1)=0 = =z =0orz = 1. Then we have
two critical points, (0, 0) and (1, 1). The second partial derivatives are f.(x, y) = 6z, fzy(x. y) = —3, and f, (>, v) = 6y,
50 D(.y) = fox (2, ) fyu (@) — [foy (2. y)]* = (62)(6y) — (~3)? = 362y — 9. Then D(0. 0) = 36(0)(0) — 9 = —9,
and D(1.1) = 36(1)(1) —9 = 27. Since D(0.0) < 0, f has a saddle point at (0, 0) by the Second Derivatives Test. Since

D(1,1) > 0 and fo.(1.1) > 0, 7 has a local minimum at (1, 1).
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HW Solutions for Midterm 2

2. f(x,y)= 1‘29«9_"—'2_!"2 =
fe= :r:'z;:,:e_"—'z = (—2x) + Qxye_xz_'*"z = 2zy(1 — xzje_zz_yz,

fo=aye ™ TV (=2y) + 2% TV =2 (1-20)e = Y,

ez = 2y(22* — 5z + 1:}6_%;_9:?

fay = 2(1 — 2%)(1 — 2y2}e_m2_92, fuy = 22%y(2¢% — 3;}9_“2_'92.
fe =0mmplies x =0,y =0, 0r x = 1. If r = 0 then f,, = 0 for any y-value, so all points of the form (0, y) are critical
points. If y =0then f, =0 = 226 =0 = z= 0, so (0, 0) (already included above) is a critical point. If » = +1

then (1 —23;«2:}.9_1_""Iz =0 = y= :I:715,50 (:I:L ?15) and (:I:]._ —;15) are critical points. Now

D(:I:l._ 7}3) — 86 > 0, fou (:I:l, 315) — 2/3 2 UandD(:I:l.,—vlg) —8e 30,

fu(:l:l._ —?15) — 2332~ 0,50 f(:l:l., 715) = —=¢~%/2 are local maximum points while

f(:l:l, —7}5) = — =~/ are local minimum points. At all critical points (0, ) we have D(0, ) = 0, so the Second

Derivatives Test gives no information. However, if y > 0 then .rzye_”z_"‘z = 0 with equality only when = = 0, so we have
local minimum values £(0,y) = 0, y > 0. Similarly, if y < 0 then z*ye™> ~¥ < 0 with equality when z = 0 so

f(0,y) =0, y < 0 are local maximum values, and (0, 0) is a saddle point.

38. f(x.y) = 3ze? — 2° — %Y is differentiable everywhere, so the requirement ) i
L [
il
i
:f!;-‘:; EH’

for critical points is that f, = 3¢¥ — 32> =0 (1) and
fy =3ze¥ — 3% =0 (2). From (1) we obtain e¥ = z* and then (2) gives

32° —32°=0 = xz=10r0,butonlyz = 1 is valid, since = = 0

makes (1) impossible. So substituting = = 1 into (1) gives y = 0, and the —24
only critical point is (1, 0).
The Second Derivatives Test shows that this gives a local maximum, since

D(1,0) = [—6x(3ze — 9¢*¥) — (3¢¥)°] , , =27 > O and fou(1,0) = [-62] , ;) = —6 < 0. But £(1,0) = l isnotan

(1,0)

absolute maximum because, for instance, f(—3,0) = 17. Tlus can also be seen from the graph.
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HW Solutions for Midterm 2

52. Let x be the length of the north and south walls, y the length of the east and west walls, and = the height of the building.
The heat loss is given by h = 10(2yz) + 8(2xz) + 1(zy) + 5(zy) = 6zy + 16zz + 20y=.

The volume is 4000 m®, so xyz = 4000, and we substitute z = %‘:’ to \
(30.2)
obtain the heat loss function A(z, y) = 6xy + 80,000/ + 64,000 /y. } = 1000
X
L, L,
(a) Since z = 2290 > 4, 2y < 1000 = y < 1000/z. Also x > 30 and (1%, 30)
y > 30, so the domain of his D = {(z.y) | z > 30,30 < y < 1000/z}. Go.301 L, \

(b) h(z,y) = 6y + 80,000z + 64,000y = h, =6y — 80,000z, h, = 6x — 64,000y~ 2. h, = 0 implies

80,000 L _ 622 '\’

2 _ 2 . o

6x°y = 80000 = y= 62 and substituting mnto hy = 0 gives 6x = 64’000(801[)00)
80,000% 50 DUO 5[] 000 80

3 —

@ == 61000 = {f — —1[]1',1 = = 60 andtbeonlymtlcalpomtofhls
5/50 80 L .
10 3 6o 7= (25.54, 20.43) which is not in D Next we check the boundary of D.

On L:: y = 30, h(z, 30) = 180 + 50,000/ + 6400/3, 30 < = < 2% Since A'(z, 30) = 180 — 80,000/=> > 0 for
30 < = < 220 h(x, 30) is an increasing function with minimum £ (30, 30) = 10,200 and maximum

h(122,30) = 10,533.

On L,: y = 1000/z, h(x, 1000/z) = 6000 + 64x + 80,000/x, 30 < x < 130

Since h'(x. 1000/x) = 64 — 80,000/z> < 0 for 30 < & < 122 k(. 1000/x) is a decreasing function with minimum
k(122 30) = 10,533 and maximum / (30, 122) ~ 10,587.

On Ls: = = 30, h(30,y) = 180y + 64,000,y + 8000/3,30 < y < 2% A’(30,y) = 180 — 64,000/y* > 0 for

30 <y < L;.U, so h(30, y) is an increasing function of y with minimum ~(30, 30) = 10,200 and maxinmum

h(30,13%) =~ 10,587

Thus the absolute minimmm of  is 2(30, 30) = 10,200, and the dimensions of the building that minimize heat loss are

walls 30 m in length and height 2%9% — 20 ~ 4 44 m

302
(c) From part (b), the only critical point of k, which gives a local (and absolute) minimum, is approximately
h(25.54,20.43) =~ 9396_ So a building of volume 4000 m” with dimensions = ~= 25 54 m, y == 20 43 m,

. 1000 —
2 R R R 7.67 m has the least amount of heat loss.
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HW Solutions for Midterm 2

Section 14.8
1. At the extreme values of f, the level curves of f just touch the curve g(z, y) = 8 with a common tangent line_ (See Figure 1

and the accompanying discussion.) We can observe several such occurrences on the contour map, but the level curve

flx, y) = c with the largest value of ¢ which still intersects the curve g(x, y) = 8 1s approxumately ¢ = 59, and the smallest
value of ¢ corresponding to a level curve which intersects g(x, y) = 8 appears to be ¢ = 30. Thus we estimate the maxinmum
value of f subject to the constraint g(x, y) = 8 to be about 59 and the minimum to be 30.

2. @) flz.y) ==, glz.y) =y +2*—2"=0 = Vf={(1,0)=AVg= (42" — 3z, 2y). Then
1 =\(4z® —32%) (1) and 0 = 2)\y (2). We have A # 0 from (1), so (2) gives y = 0. Then, from the constraint equation,
2*—2°=0 = 2*(x—1)=0 = z=0o0rx= 1. Butz =0 contradicts (1), so the only possible extreme value
subject to the constraint is f(1,0) = 1. (The question remains whether this is indeed the mininmm of f)

(b) The constramtis > + z* —2® =0 &  y* = 2® — &*. The left side 1s non-negative, so we must have z* — z* > 0
which 1s frue only for 0 < = < 1. Therefore the mimnmmum possible value for f(x, y) = = 15 0 which oceurs forx =y = 0.
However, AW g(0,0) = A {0 —0,0) = (0,0) and Vf(0,0) = (1,0}, s0 V(0,0) £ AVg(0, 0) for all values of .

(c) Here Vg(0,0) = 0 but the method of Lagrange multipliers requires that Vg = 0 everywhere on the constraint curve.

Section 16.1
35. (a) We sketch the vector field F(x, y) = =1 — y j along with

several approximate flow lines The flow lines appear to be
hyperbolas with shape similar to the graph of y = £1/=,

so we might guess that the flow lines have equations

y=C/=z

= I - R

(b) f x = x(t) and y = y(¢) are parametric equations of a flow line, then the velocity vector of the flow line at the
point (=, y) is =’ (¢) i+ 3’ () j. Since the velocity vectors coincide with the vectors in the vector field, we have
2'(t)i+y'(t)j=2i—yj] = dr/dt==x, dy/dt=—y. To solve these differential equations, we know
defdt =2 = dxfz=dt = I|z|=t+C = z==e'"% = A¢’ for some constant A, and
dy/dt =—y = dy/y=—dt = Ihly|=—t+K = y=2e*"¥ = Be* for some constant B. Therefore
zy = Ae*Be™ = AB = constant. If the flow line passes through (1, 1) then (1) (1) = constant =1 = zy=1 =

y=1/z,2>0.

Section 16.2
17. (a) Along the ine x = —3, the vectors of F have positive y-components, so since the path goes upward, the integrand F - T 15

always positive. Therefore [ F -dr = [ F - Tds is positive.

(b) All of the (nonzero) field vectors along the circle with radius 3 are pointed in the clockwise direction, that 1s, opposite the
direction to the path. So F - T is negative, and therefore [, F -dr = [, F - T ds is negative.
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HW Solutions for Midterm 2

37. From Example 3, p(z, y) = k(1 — y), © =cost, y=sint,andds=dt, 0 <t <7 =
I.= [_v’p(x,y)ds = [ sin’ t[k(1 —sint)] dt = k [ (sin® t — sin® ¢) dt

Letu = cost, du = —sint di
in the second integral

=1k [] (1 —cos2t)dt — k [ (1 — cos® ) sint dt
aT -1 yis
=k[5+ 70 - ) du] = k(5 - 3)
I,= [ z"p(z,y)ds =k [ cos’t(1 —sint)dt = £ [7(1+ cos2t)dt — k [ cos® tsintdt

= k(Z — 2), using the same substitution as above.

48. Use the orientation pictured in the figure. Then since B 1s tangent to any circle that lies in the plane perpendicular to the wire,
B = |B| T where T is the unit tangent to the circle C: z = rcos 8, y = rsinf. Thus B = |B| (—sin#, cos8). Then
[.B-dr= [27|B|(—sin8, cos8) - (—rsinb. rcos6) df = [I7 |B|rdf = 2rr |B|. (Note that |B| here is the magnitude
of the field at a distance » from the wire’s center.) But by Ampere’s Law [_ B - dr = y,I. Hence |B| = u,I/(27r).

Section 16.3
11. (a) F has continuous first-order partial derivatives and ,5% 2y = 2x = ,5% (z*) on R*, which is open and simply-connected.
Thus, F 1s conservative by Theorem 6. Then we know that the line integral of F 1s independent of path; in particular, the
value of [_ F - dr depends only on the endpoints of C'. Since all three curves have the same initial and terminal points,
[ F - dr will have the same value for each curve.
(b) We first find a potential function f, so that Vf = F. We know fz(x,y) = 2xy and fy(z, y) = =* Integrating
fe(z, y) with respect to =, we have f(z.y) = ="y + g(y). Differentiating both sides with respect to y gives
fulz.y) = 2" + ¢'(y), sowe nmsthave =* + ¢'(y) =2 = ¢'(y) =0 = g(y) = K, aconstant.
Thus f(z,y) = 2y + K All three curves start at (1, 2) and end at (3,2), so by Theorem 2,
fCF-dr=f(3,2:}—f(1,2:}= 18 — 2 = 16 for each curve.

20. Here F(x,y) = (1 —ye ®)1+ e ©]. Then f(x,y) = = + ye * is a potential fimction for F, that is, Vf = F so
F is conservative and thus its line integral is independent of path. Hence

Jo(l—ye™)dz+e ®dy= [ F-dr=f(1,2) — f(0,1) = (1 +2e7 ') — 1 =2/e.

23. We know that if the vector field (call it F') is conservative, then around any closed path C, Jrc F-dr =0 Buttake C'tobea

circle centered at the origin, oriented counterclockwise. All of the field vectors that start on C' are roughly i the direction of
motion along C', so the integral around €' will be positive. Therefore the field is not conservative.

24. If a vector field F 1s conservative, then around any closed path C, [_ F - dr = 0. For any closed path we draw in the field, it
appears that some vectors on the curve point in approximately the same direction as the curve and a similar number point in
roughly the opposite direction. (Some appear perpendicular to the curve as well) Therefore it is plausible that [ F - dr =0

for every closed curve € which means F 1s conservative.
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HW Solutions for Midterm 2

26. Vf(z,y) = cos(z — 2y)i— 2cos(z — 2y) j
(a) We use Theorem 2: [ F-dr = [ Vf-dr= f(r(b)) — f(r(a)) where C; startsatt = a and ends at t = b. So
because f(0,0) = sin0 = 0 and f(7, 7) = sin{7m — 27 ) = 0, one possible curve C; 1s the straight line from (0, 0) fo
(w,); thatis, r(t) = mti+mt), 0 << 1
(b) From (a), Icg F-dr = f(r(b)) — f(r(a)). Sobecause f(0,0) = sin0 = 0 and f(%,ﬂ) = 1, one possible curve C4 is
r(t) = Zti, 0 < ¢ < 1, the straight line from (0, 0) to (3, 0).

y P y? — 2t x Q Yy — a2t Th a_P_aQ

O T N T ey MO T E e Ty oy 0

b)Ci:x=cost,y=sint,0 <t < 7, Ch. x =cost,y =sint,t =27 tot = 7. Then

/' F-dr:f (—smt}(—smt]+{cust}(cost}dtzf dt:rraﬂdf F-dr:f g —
=51 0 0 Ca 2

cos?t +sin’ ¢

Since these aren’t equal, the line integral of F' isn’t independent of path. (Or notice that [ F -dr = fﬂh dt = 27 where
C3 is the circle * + y* = 1, and apply the contrapositive of Theorem 3.) This doesn’t contradict Theorem 6, since the

domain of F', which is R? except the origin, isn’t simply-connected.

Page 7




Non WebAssign Problems for Midterm 3

Section 15.4
1. The region R is more easily described by polar coordinates: R = {(r.8) |0 <r <4,0<8 <}

Thus [, f(z.y)dA = [Z7* [} f(r cos 8, r sin @) r dr df.

2. The region R is more easily described by rectangular coordinates: R = {(z.,y) | -1 <z < 1L,0<y<1-—z"}
Thus [f,, f(=.y)dA = [*, [0 =% f(z.y) dydz

3. The region R is more easily described by rectangular coordinates: R = {(z,7) | -1 <2z <1,0<y < iz + 1}
Thus [, f(z.y)dA = [1, [ f(=.y) dydz.

4. The region F 1s more easily described by polar coordmnates: R = {(nﬂ} |3<r<6, —3 <0<

vl

}-

Thus ffR f(z'__y:}d,—1=fw"’2 f:f(rcusﬁ__rsinﬂjrdrdﬂ_

—wj2

% @ [, e = 7 o re drde =2m[—te|" = n(1—e") foreach o Then lim x(1—¢") ==
e 0

O O

i 2 o2, 2
smce e”® — 0asa — oo. Hence [ [T e &) a4 =7

(b) Ifsq e =) g4 = I e eV drdy = (ffa e dﬂ:) (Jrfa e v dy) for each a.

Then, from (a), = = [[o. —(=* + v°) dA, s0

v = Jim [f, e dA= tim ([, e de) ([0, 67 ay) = ([T e do) ([T ay).

a—oo a—o0

To evaluate lim (ffn e d:r:) (ffn eV dy), we are using the fact that these integrals are bounded. This is true since

on[—1,1],0 < e < 1 while on (—co, —1), 0 < e <eandon(l,00),0 < e~® < ¢~® Hence

0< [P e de < [T e®dat [} det [P e de =2(e +1).
(©) Since ([, e dz) (J2, e dy) = 7 and y can be replaced by z, ([°2, ™" dz)z —  implies that

[ e do =47 Bute™® > 0forallz,so [*_ e de = /7.

— o0

(d) Lettingt = v2z, [ e de = [ 2 (e */2) dt, sothat /7 = 2= [ e t/2dtor [Z e t/2dt = /27

Section 15.6
2. E={(zr,y,2) |0€2<1,0<2<1—20<y<2—2:z},

the solid bounded by the three coordinate planes and the planes
z=1—2z,y=2—2=z
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Non WebAssign Problems for Midterm 3

Section 15.7
29. (a) The mountain comprises a solid conical region C'. The work done in hifting a small volume of material AV with density

g(F) to a height k(P) above sea level 1s h(P)g(P) AV. Sumnung over the whole mountain we get
W= [[[.h(P)g(P)dV.
(b) Here C is a solid right circular cone with radius £ = 62,000 ft, height # = 12 400 ft,

and density g(P) = 200 1b/fi® at all points P in C'. We use cylindrical coordinates:

—R(1—z H—z
W= [27[H [RO=2) 900y dr dz df = 27 [ 2002[172]72R0HF) g,
r
H R2 PR 2 H 222 2'3 i
=4unﬁ£ zT(1—§) dz:QDﬂrrRL (z—?—l—ﬁ)dz z
R
-2 z3 z“ H Hz 2H2 Hz
=2007R? | — — — =200nR?( — — = r H-z z
E Y

= 27R?H? = 27(62,000)*(12,400)* = 3.1 x 10" fi-lb

Section 15.8
11. p = 2 represents a sphere of radius 2, centered at the origin, so p < 2 1s this

sphere and its interior 0 < ¢ < 7 restricts the solid to that portion of the
region that lies on or above the xy-plane, and 0 < & < Z further restricts the
solid to the first octant. Thus the solid is the portion in the first octant of the
solid ball centered at the origm with radius 2.

28. If we center the ball at the origin, then the ball is given by
B={(p.0,0)|0<p<a0<8<27,0<¢< r}and the distance from any point (x,y, ) in the ball to the

center (0,0,0) 1s /22 4+ 42 + 22 = p. Thus the average distance 1s

1 fff i 1 f’ﬂ' f?‘ﬂ.’ fﬂ . 3 T . 2 o 3
—_— pdV = p-p sinodpdfdd = sin ¢ do dag ¢ dp
V(B) B §W03 o Jo 0 dma? [, 0 0

3 - T a 3
T 4ma? [—Cﬂso]u [915 [71494]0 = 4m3(2}(2ﬁ}(%‘3‘4) =2,
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Non WebAssign Problems for Midterm 3

Section 15.9
7. The transformation maps the boundary of S to the boundary of the image R, so we first look at side 5; mn the wv-plane. S5 1s
describedbyv =0 [0 <u<3],s0r=2u+3v=2uandy =u —v = u. Eliminating v, wehave r =2y, 0 < x < 6. Sy
1s the line segment u = 3,0 <v < 2, soxr=64+3vandy =3 —v. Thenv=3—y = xz=6+4+3(3—y)=15—-3y,
€<z <12 Ssyisthelmesegmentv =20 <u <3, sox=2u+b6andy=u—2 gvingu=y+2 = =x=2y+ 10,
€ <z < 12 Fmally, Ssisthesegmentu = 0,0 <v <2, soxr=3vandy=—v = z=—3y,0 <z < 6. Theimage of
set S is the region R shown in the zy-plane, a parallelogram bounded by these four segments.

[ ¥
S
0,2) (3,2) (6,3)
T
S, F 5 S, e
R (12,1)
0 Sl |l:!- 0] L 0 x
6,=2)

9. Sy isthelinesegmentu =v,0 < u < 1,s0y =v=uandx = »* = y°. Since 0 < u < 1, the image is the portion of the
parabolaz =32, 0 <y <1 Szisthesegmentv = 1,0 < u < 1 thusy =v = 1landz = »* 500 < = < 1. The image is
the line sepment y = 1,0 < = < 1. Syisthesegpmentu = 0,0 <v <1, soz=u’=0andy=v = 0<y <1 The
mmage 1s the segment = = 0,0 < y < 1. Thus, the image of 5 1s the region R m the first quadrant bounded by the parabola
x = y?, the y-axis, and the line y = 1.

v ¥
S,
(0,1) (Ln 0,1) (1,1)
R
S
8,3 —Tr
S
0 u 0 x

10. Substituting u = —
r

,v=%iﬂtou2—|—v251gives

2 2
x_2-|_:§—2 < 1, so the image of u* + v* < 1 is the
a

o 2 P
elliptical region = + =) <L

D
N
|~
e
NV
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a 0 0
17. (a) M = |0 b 0|=abcandsince u = E, v = 2, w = = the solid enclosed by the ellipsoid is the image of the
I, v, w) a b c
0 0 ¢

ball u* +v* +w® < 1. So

[[[e dV = [[]  abedudvdw = (abc)(volume of the ball) = Zwabe
wltw?pw? <1
22 2 L2
(b) If we te the surface of the earth by the ellipsoid + J + ——— = 1, then we can estimate
approxima p

63782 63787 63567
the volume of the earth by finding the volume of the solid E enclosed by the ellipsoid. From part (a), this is

[[[ dV = £=(6378)(6378)(6356) ~ 1.083 x 10'* km’.

18. The moment of intertia about the z-axis1s I. = [[[_ («® +3*) p(z. y. z) dV, where E 1s the solid enclosed by

2 2 2
Z . . . Iz, y.
I—z-l-i—z—i——z:1.AsmExermsel?(a),weusethetransfmmatmn.r:au,y=Em,z=cw,so (z,y,2)
C

B, v w) = abc and

I:

I (=% + V)kdvV = [[[  k(a®u® + b*v?)(abe) dudv dw

ultulfw? <1
= abek [ fﬂzqrfﬂ (a®p® sin® ¢ cos® 8 + b% p” sin® @ sin’ @) p® sin o dp df dop
= abeck [a2 N uhfui (p” sin® o cos® 0) p” sinddpdf do+b” [ ;Wfﬂl (o® sin® & sin’ 8) p* sin & dp d@ a’o]
— a®bek [ sin® pdo 77 cos®0d6 [ p* dp+ abPck [ sin® odo [T sin® 6d6 [, p*dp
= a®bek [% cos® & — cos D]:; [%9 + % sin 29] zﬂ- [% ] + ab®ck [ cos® ¢ — cos o] [%5 — % sin 29] 31 [%pﬁ];

=a’bek (3) (7) (%} +ab’ck (3) (7) (%} = 157 (a® + %) abck

Az, y)

4 letu=c+yandv =y, thenx=u—v,y=v,
9(u,v)

= 1 and R 1s the image under T of the triangular region with
vertices (0,0), (1,0) and (1, 1). Thus

[faFlx+y)dd= [} [(1) fw) dvdu= [ f(u)[v] Ty du= [, uf(u)du asdesired.
Section 15 Review
49 letu=y—zandv=y+zsoz=y—u=(v—z)—u = c=i(v—uwady=v—LI(v—u)=I(v+u).

Az.y)| _
Au, v)

020y _ 220y
Judv v Ou

bl =t

OB

with vertices (u, v) = (0,0), (—2,0), (0,2), and (—2. 2). So

[fovaa= [ [ E320(3) dues =3 (a2, o= 3 (2= o =337 — 3T =0

Thus result could have been anticipated by symmetry, since the mtegrand is an odd function of y and R 1s symmetric about

)| = |—3%| = . Ris the image under this transformation of the square

the x-axis.
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Section 16.4
22. By Green’s Theorem, = §_ 2* dy = 35 [[,2xdA = % [[,zdA =T and

—sxfovidr=—55 [[,(-29)dA=% [[,ydA=T

27. Since C' 15 a simple closed path which doesn’t pass through or enclose the ongin, there exasts an open region that doesn’t
contain the origin but does contain D. Thus P = —y/(=” + 3°) and @ = = /(=" + 3°) have continuous partial derivatives on
this open region containing D and we can apply Green’s Theorem. But by Exercise 17.3.33(a) [ET 16.3.33(a)],

OP[dy =0Q/dxz,s0 § __F-dr= [[ 0dA=0.
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Section 16.6
60. (a) Here » = asina, y = |AB|, and = = |OA|. But z
._IB 'S )
|OB|=|OC|+|CB|=b+acosaaﬂdsinﬁ'=ﬁsoﬂlat En)
= |OB|sinf = (b+ ) sin 8. Similark o= 104 0/ -""
Yy = siniy = GQCOs Q) 81N G, YQDS = |OB| > 8 CAlo ¥
i i / l\ B

x = (b+ acos a) cos . Hence a parametric representation for the £ Sl )

I =g 8N

torusis x = bcos# +acosa cosf, y = bsinf + acosa sin 8,
z=asina, Where 0 < a < 27,0< 8§ < 27

(b)

2
z 0 =10
=10 0
0
¥ 10 10
a=235b0=8

S}

() x =bcosf+acosa cos@,y =bsinfd +-acosa sinf, z = asina,sor, = {—asina cos§, —asina sinf, a cosa},
re = {(—(b+acosa)sind, (b+ acosa)cosf, 0) and
o XTg = {—ab cos c cos f — a’ cos o cos> 9_} i+ (—ab sin o cos # — a” sin o cos® H)J
+ (—ab cos” o sin® — a” cos® o sin B cos@ — absin® o sinf — a® sin® & sin® cos 6’} k

= —a(b+acosa)[(cosd cosa)i+ (sinf cosa)j+ (sina)k]

Then |ro X rs| = a(b+ acosa) \/cos? 8 cos? a + sin? @ cos? a +sin? a = a(b+ acosa).

Note: b > a,—1 < cosa < 1so |b+acosa| = b+ acosa. Hence

A(S) = 02'"' :w a(b+ acos a) da df = 27 [aba + o’ sina Eﬂ = 47’ab.
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Section 16.5

B(f(3.2)) , g(z.2)) , h(z.v))

2 divF = ——~ o o

= 0 so F 1s ncompressible.

For Exercises 23—29, let F(z,y. z) = Pi+ Q1 j+ Rikand G(z,y,2) = P2 i+ Q:j+ Re k.
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Section 16.6

60. (a) Here » = asina, y = |AB|, and = = |OA|. But z
._1B 'S )
|OB|=|OC|+|CB|=b+acosaaﬂdsinﬁ'=ﬁsoﬂlat En)
. . - |OA|
y = |OB|sin@ = (b + acosa)sin§. Similarly cos 8 = |0B|
x = (b+ acos a) cos . Hence a parametric representation for the £ )
z=gsina
torusis x = bcos# +acosa cosf, y = bsinf + acosa sin 8,
z=asina, Where 0 < a < 27,0< 8§ < 27
2 —
z 0 —-10
-10 0 &
0
¥ 10 10
a=350=8

S}

() x =bcosf+acosa cos@,y =bsinfd +-acosa sinf, z = asina,sor, = {—asina cos§, —asina sinf, a cosa},
re = {(—(b+acosa)sind, (b+ acosa)cosf, 0) and
o XTg = {—ab cos c cos f — a’ cos o cos> 9} i+ (—ab sin o cos # — a” sin o cos® H)J
+ (—ab cos” o sin® — a” cos® o sin B cos@ — absin® o sinf — a® sin® & sin® cos 6’) k

= —a(b+acosa)[(cosd cosa)i+ (sinf cosa)j+ (sina)k]

Then |ro X rs| = a(b+ acosa) \/cos? 8 cos? a + sin? @ cos? a +sin? a = a(b+ acosa).

Note: b > a,—1 < cosa < 1so |b+acosa| = b+ acosa. Hence

A(S) = 02'"' :w a(b+ acos a) da df = 27 [aba + o’ sina Eﬂ = 47’ab.
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Section 16.7

47. Let S be a sphere of radius o centered at the origin. Then |r| = a and F(r) = cr/ |r|* = (¢/a®) (zi+yj+2k). A
parametric representation for S 1sr(®,8) = asing cosfi+asingd sinfj+acosaok, 0< o < 7,0 <8 < 27. Then
ry =acosg cosf@i+tacosgsinfj—asingk, re = —asin ¢ sinf i+ asin ¢ cosf j, and the oufward orientation is given

byr, X rg = a’sin® ¢ cos 81+ a® sin® ¢ sin# j + a” sin ¢ cos ¢k The flux of F across S is
ffSF- dS:f(:r n”%(asinm cosfi+asing sinfj+ acosok)
( Zgin® & cusl?i—l—azsinchsinﬁ'j—l—azsincﬁ cos@kj df doy

2

uwsinmdﬁ'dc;'r:-if{c

= ia fl;r uh a’ (5iﬂ3€3'+ sin ¢ cos? a')) dédop = cf;’
a

Thus the flux does not depend on the radius a.
Section 16.8
1. Both H and P are oriented piecewise-smooth surfaces that are bounded by the simple, closed, smooth curve z* + y* = 4,

z = 0 (which we can take to be oriented positively for both surfaces). Then H and P satisfy the hypotheses of Stokes’
Theorem, so by (3) weknow [[,, curl F-dS = [_F -dr = [[, curl F - dS (where C is the boundary curve).

13. The boundary curve C is the circle =* + y* = 1, z = 1 oriented in the counterclockwise direction as viewed from above.
We can parametrize C' by r{t) = costi+sintj+k 0 < ¢ < 27 and thenr'(¢) = —sinti+ costj. Thus
F(r(t)) =sin® ti+costj+ k F(r(t)) - r'(t) = cos’ t —sin” ¢, and
[oF-dr= [["(cos’t —sin®t)dt = [[" L(1+ cos2t)dt — [ 7(1 — cos® t) sint dt
= %[t-i—%sin%]z“ — [—c05t+ %'::n:.ns3 t]zw =
Now curl F = (1 — 2y) k, and the projection D of S on the xy-plane is the disk z* + 3* < 1, so by Equation 17.7.10
[ET 16.7.10] with = = g(x,y) = =* + y* we have

[[ocurlF-dS = [[ (1 —2y)dA = [}" [} (1 —2rsin6)rdrdf = [7" (1 — 2sin6) do ==

15. The boundary curve C is the circle * + z* = 1, y = 0 oriented in the counterclockwise direction as viewed from the positive
y-axis. Then €' can be described by r(#) = costi—sintk 0 < ¢ < 27, and r'(t) = —sinti— cost k. Thus
F(r(t)) = —sintj+costk F(r(t)) - r' (t) = —cos’t,and § _ F-dr = fugﬁ —cos® tdt = —%t—%sinﬁ]zﬂ = —m.
Now curl F = —i — j — k, and S can be parametrized (see Example 17.6.10 [ET 16.6.10]) by
r(o,8) =sing cosfi+sing sinfj+cosok, 0 <8 <7, 0< ¢ < 7. Then
ry X rg =sin® ¢ cos @i+ sin® ¢ sin8 j + sin & ecos o k and

[[scurlF-dS= [[ curlF-(ry xre)dA= [ [[(—sin® ¢ cos8 — sin® & sin 6 — sin & cos ¢) df do>
FEERES |

= [[(—2sin® ¢ — 7sin ¢ cos @) do = [% BiDQG)—ﬁl—%Sillz{.‘)];—: —7
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16. Let 5 be the surface in the plane » 4+ y 4+ = = 1 with upward orientation enclosed by C'. Then an upward unit normal vector
for Sism= %(i+j+k].0ﬂent0inthe counterclockwise direction, as viewed from above. fczdx—2zdy+3ydzis
equivalent to [_ F - dr for F(x, y, z) = zi— 2x j + 3y k, and the components of F are polynomials, which have confinuous
partial derivatives throughout R?. We have curl F = 3i + j — 2k, so by Stokes’ Theorem,

Jozde —2xdy+3ydz= [ F-dr= [[_curlF-ndS =[], (3i+j—2k}-;1,5(i+j+k] ds
= = [[; dS = = (surface area of 5)

Thusihevalueuffczdx—2xdy+3ydzisalwaysTff;timesthem‘eaoftheregionenclosedbyc,regardlessufttsshapeor
location. [Notice that because n 1s normal to a plane, 1t 1s constant. But curl F is also constant, so the dot product curl F - n1s
constant and we could have simply argued that [[_ curl F - ndS5 1s a constant multple of [[_ d5, the surface area of 5 ]

19. Assume 5 is centered at the origin with radius « and let Hy and H> be the upper and lower hemispheres, respectively, of 5.
ThenffscurlF -dS = fle curl F - dS +fng curl F - dS = fch- dr-|—§cz F - dr by Stokes’ Theorem. But C} is the

circle =% + 3% = o? oriented in the counterclockwise direction while C5 is the same circle oriented in the clockwise direction.
Hence § F-dr=—§_ F-drso [[, curlF-dS = 0 as desired.

Section 16.9
23, Since X — ri+yj+=zk andi x - (2 + 4 + %) — 327
. les T (2 + 22)3/2 Az \ (z2 +y2+22)3/2 ) (z? + 42 + 22)5/2

with sinular expressions

d y a z
for B_y((:c’ + 42 +Zz}3}z) and e ((_rz + 2 —1—22}31'2)’ we have

djv(i) _ 3"+ +27) =3+ +27)
[’ (a2 +3? +22)""

= 0, except at (0, 0, 0) where it is undefined.

24. Wefirstneed to find Fso that [[ F-ndS = [[ (2z + 2y +2")dS,soF -n =2z + 2y + 2*. Butfor 5,

no Sityitek o i4sk ThusF—2i+2j+:kanddivF = 1.

LR T

EB={(zyz2) |z +y"+2> <1}, then [[.(2x + 2y +2%)dS = [[[dV = V(B) = 2x(1)° = ir.

Page 4




