Chapter 16 Review: Evens

2. (a) A conservative vector field F is a vector field which is the gradient of some scalar function f.
(b) The function f in part (a) 1s called a potential function for ', that1s, F = V §.

4. (a) See Defimition 17.2.13 [ET 16.2.13].

(b) If F is a force field, [ F - dr represents the work done by F in moving a particle along the curve C-

) [,F-dr= [, Pdr+Qdy+ Rdz

6. (a) [_ F - dr is mdependent of path if the line mtegral has the same value for any two curves that have the same initial and
terminal points.
(b) See Theorem 17.3.4 [ET 163 4].
8. See Equations 1745 [ET 164.5].

10. See Theorem 17.3.6 [ET 16.3.6]; see Theorem 1754 [ET 16.54].

12. (a) See (1) 1n Section 17.7 [ET 16.7].
(b) We normally evaluate the surface mtegral vsing Formula 17.7.2 [ET 16.7.2].
(c) See Formula 17.74 [ ET 16.7 4].

(d) The massis m = [[_ p(z, y. z) dS and the center of mass is (Z.7.%) where T = L [[_=zp(z.y, z)dS,

T=2 [[Lup(z.y.2)dS,Z= X [[, zp(=. vy, z)dS.
14. See the statement of Stokes” Theorem on page 1129 [ET 1093.].

16. In each theorem, we have an intepral of a “derivative™ over a region on the left side, while the right side involves the values of
the original function only on the boundary of the region.

1. False; div F is a scalar field.

[

. True. (See Definition 17.5.1 [ET 16.5.1].)

3. True, by Theorem 17.5.3 [ ET 16.5.3] and the fact that div 0 = 0.

=Y

. True, by Theorem 17.3.2 [ET 16.3.2].

5. False. See Exercise 17.3.33 [ET 16.3.33]. (But the assertion is true if D is simply-connected; see Theorem 17.3.6
[ET 163.6])

6. False. See the discussion accompanying Figure 8 on page 1075 [ ET 1039].

7. True. Apply the Divergence Theorem and use the fact that divF = 0.
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8. False by Theorem 17.5.11 [ ET 16.5.11], because 1f it were true, then div curl F = 3 #£ 0.

2. We can parametrize C byx =z, y = 2,0 < = < 1 s0
1
fcxds=fﬂlx 14 (2z)% do = %(1+4x2)3f2]u =%(5VI§—1}-
4 r=3cost = dxr=-—3sintdt,y=2sint = dy=2costdt, 0<¢ <27 s0
Joyde+ (z+3%) dy = uh [(2sint)(—3sint) + (3cost + 4sin® t)(2 cost)| dt
= uh{:—ﬁsingt—l- 6cos’t +8sin’t cost)dt = UZT [6(cos® t —sin® t) + 8sin” t cost] dt
= uh[:ﬁcos2t+83inzt cost)dt = 3sin2t + £ sin® t]z1T =0
Or- Notice that .9% (y) =1=2 (z+3°),0F(z,y) = {(y, = + y*) 15 a conservative vector field. Since C is a closed

cun’e,ch-dr=fcydx+(m+yz]dy=U.

6. Jo Voyde+ e dy+oade = [y (VBB 48+ 246738 ) dt = [ (465 + 26" +3%) dt

2le

1
4,7 2 3 410
=|:?f +E +ﬁf ]u=e—

8. F(r(t)) = (sint)(1 +t)i+ (sin’t)j, ¥’ (t) = costi+jand
JoF-dr= [[((1+¢)sintcost+sin®t)dt = [ (3(1+1t)sin2t+sin’t) dt

= [2 (0 +8)(—3cos2t) + sin2t) + 1t — 1sin2t| =%

10. 2) C: 2 =3—3t,y=2¢ >=3t,0<¢< 1 Then

W= [ F-dr= [ [3ti+(3—3t)j+Ztk]-[-3i+Zj+3k]dt= [} [-9t+ ] dt = L(37 —9).

W= [ F-dr= fuﬂn(Ssinti+ Jeostj+tk)- (—3sinti+j+ 3costk)dt

= uﬂz(—g sin’t +3cost + 3tcost)dt = [—2(t —sintcost) 4+ 3sint + 3(tsint 4 cost)] :’iz

=-2Z+3+&Z 3=

12. F is defined on all of R, its components have continuous partial derivatives, and
cul F=(0—0)i—(0—0)j+ (cosy —cosy) k = 0, so F 1s conservative by Theorem 17.5.4 [ET 16.5.4]. Thus there
exists a function f such that Vf = F. Then f.(x, y, z) = siny implies f(x,y, z) = xsiny + g(y, =) and then
fulz.y.z) = xcosy + gy(y. z). But fy(x,y,z) =xcosy,s0gy(y.2) =0 = g(y.z) = h(z). Then
f(z,y,2) = xsiny + h(z) imples f.(z,y, z) = h'(z). But f:(x,y. z) = —sinz, so h(z) = cos z + K. Thus a potential
function for F is f(x,y, z) = rsiny + cosz + K.

14. Here curl F = 0, the domain of F 1s R®, and the components of F have continuous partial derivatives, so F is conservative.
Furthermore f(x, y, z) = xe¥ + ye® is a potential function for F. Then [_ F-dr = f(4,0,3) — f(0,2,0) =4—-2=2
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16. fc \/1+z3d:r:+2;rydy=ffﬂ [a_ax [2xy}—6—‘5;l (\,"1-0—953)} d_-lzJ[‘ul n3=(2y—[]_}dydx=ﬂ9x2d;r= 3:53]; _3

18. curl F = (0 —e Ycosz)i— (e “cosz—0)j+ (0 —e “cosy)k=—e Ycoszi—e “cosxj—e “cosyk,

divF = —e "siny —e ¥sinz —e “sinx
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2. LetF =FPi+ @1 j+ Fikand G = P14 @2 j+ R: k be vector fields whose first partials exist and are continuous. Then

. . _ 3132 3@2 aRg . 3132 3@2 aRz . 3132 3@2 BRZ
FdivG — GdivF = [P1 (E'Fa—yﬁ—w)l‘FQI (E'Fa—y‘FE)J‘FRI (E"‘a_y"‘w) k}

aP; a IR aP; a IR
—|:P:z(—1+ Ql—F—l)i—FQz( 1‘|‘ QI—F 1),]

dx dy dz dx dy dz

ap, 9@ @O
+RZ(E+a—y+E)k]

and
(G-V)F—(F-V)G= [(Pz aazl + Qs 3‘;;1 + Ry aajz‘)H (P:z 3321 + Q2 83{@; + Ry ail)j
+(P2 ‘E‘ +Q2 ‘E‘ + R, 3;‘)1;]
S N )
-I—(P1 8;; + @ 3‘;? + R %fz)k]
Hence
FdivG —GdivF+ (G- V)F— (F-V)G
-|[(p T reR) - (r R e )
—(Pz% Rl%)-l—(f’i 3;2 +Rz?)]l
opn ) (o n )
—(H%+Qz%)+(ﬁ%+@1%)]]
+ [(Pz 35? + R %) - (Pl aaiz + R, %)
- (Q1 3;* + Ry 33—?) - (Q;%+R1 33@;)] k

= [ai (AQ: — Ph) — 2 (PR, — P‘_[Rg:}] i
Y dz
9 H R o P P j
1|57 (@R —Q2F1) — 5= (AQ2 — P2@1) |

+ [a—i (PoRy — PLRy) — 3% (@1R2 — QzRI}] k

= curl (F x G)
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F(fg) | P(fg) , &(f9)
2
BV =92 T2 t 52

B %, of , of dg

Ox2 Oz Ix Oz ay? dy dy
&g B f af dg g
+f—9y2+—9329+2—5—+f [Product Rule]

&g g  PFg &ty 85  9'f af 8f 8f dg g Og
f(axz R +9(axz to o ) Y55y 0: )\ By 32
= fVig+gVif+2Vf-Vg
Another method: Using the rules in Exercises 15.6.37(b) [ET 14.6.37(b)] and 17.5.25 [ET 16.5.25], we have

V(fg)=V-V(fg)=V-(gVf+fVg)=Vg-Vf+gV-Vf+Vf-Vg+ fV-Vg
=gV f+fVig+2Vf. Vg

24. (a) 2> +y® = cos® t +sin” t = 1, so C lies on the circular cylinder > + 3* = 1.
But also y = =z, so C lies on the plane y = = Thus C is the intersection of the
plane y = = and the cylinder =* + 3% = 1.

(b) Apply Stokes’ Theorem, [ F - dr = [[_curl F - dS:

i Jj k
curlF = | 8/8x d/8y 8/8z

e 227 + 2ycotz —ylesetz

Therefore [ F-dr = [[,0-dS =0.

= (—2yesc® z — (—2y esc” 2),0,4ze™ — 4ze™) = 0
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26. (@) ru=—vj+2uk ry =2vi—ujand (b)
r, X ry = 2u’i+ 4uv j+ 2v® k_ Since the point (4, —2, 1)
correspondstou =1, v=2(oru=—1,v=—2butr, X ry
1s the same for both), a normal vector to the surface at (4, —2, 1)
1s 21 + 8j 4 8 k and an equation of the tangent plane 1s
22 +8y+8z=0o0rz+4y+4z = 0.

(c) By Definition 17.6.6 [ET 16.6.6] , the area of S 1s given by
A(S) = [J 7, V2?2 + (dw)® + (20?2 dvdu =2 [) [ Vu® + 4u®0? + o2 dv du.

(d) By Equation 17.7.9 [ ET 16.7.9], the surface mtegral 1s

3 3 242 242 Y-
ff F-dS:ff < () : (z7) , (—uv) >-(2u2__4uv12ug> dv du
s o Joz AT H(v2)27 14 (—uv)? " 14 (u?)?
3 3 6 5 2 4
2u Auw 2uv
= dv du == 1524.0190
££3(1+v4+1+u3u2+1+u4) v

28 z=f(z.y)=4+z+ywith0 < z2* +3* <4sor, xr, = —i—j+k Then

[+ 2)dS=  [[ (*+*)d+z+y) V3dA

o4y

= f; :W \«Ers(i—l—rcosﬂ-i—rsinﬂ}dﬂdr = f;s;r V3ridr =32r/3

30. » = f(z,y) = 2 + y*, vz X vy = —2xi— 2y j + k (because of upward orientation) and
F(r(z,v)) - (re x ry) = —22% — 22y + 2° + y*. Then

[[sF-dS= [[ (—22°—2xy"+2"+%)dA
2 +y? =1

— f; :W(—2r3 cos® @ — 2r° cos @ sin® 8 + r*) rdrdf = ful r¥(27) dr = 3

32, ffscu.rlF-dS = ch-drwhere C:r(t) =2costi+ 2sintj+k 0 <t <27 sor'(t) = —2sinti+ 2cost],
F(r(t)) =8cos®t sinti+ 2sintj+ e***t=32¢k and F(r(t)) - r'(t) = —16 cos® tsin® t + 4sint cos¢. Thus

§ F-dr= f:w(—lﬁcnszt sin”t + 4sint cost) dt = [—16(—% sint cos” t + 1= sin2¢ + %t] + 2sin’ i']zgT = —dm.

M [[LF-dS= [[[ 3"+ +27)dV = :Wf;f:(&'rz +32%)rdzdrdf = 2m fui (6r® + 8r)dr = 117
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36. Here we must use Equation 17.9.7 [ET 16.9.7] since F 1s not defined at the origin. Let 57 be the sphere of radius 1 with center
at the origin and outer umit normal n;. Let S; be the surface of the ellipsoid with outer unit normal n, and let E be the solid
region between S, and S;. Then the outward fhix of F through the ellipsoid is given by
Jf'fsz F -n,dS=— Jf:fsl F-(-ni1)dS + [[[_.divFdV. ButF =r/ Ir|*, so

divF=V-(r[r) = | (V- -2)+r- (V|| ) =7 @) +r- (=3 [c|7*)(r |1'|_1) = 0. [Here we have used
Exercises 17.5.30(a) [ ET 16.5.30(a)] and 17.5.31(a) [ET 16.5.31(a)].] And F - n; = —; =

-2
wF

=|I‘ =].OIJ.S;|.

Thus ffsz F-n:dS = ffsl dS + [[[ ;0dV = (surface area of the unit sphere) = 47(1)* = 47

38. Let C” be the circle with center at the origin and radius « as in the figure.
Let D be the region bounded by € and C’_ Then D’s positively oriented
boundary is C' U (—C"). Hence by Green’s Theorem

fF dl"l‘fG'F dl'_ff (E—a—y)d:1=ﬂ750

[ F-dr=—[ _,F-dr=[_F-dr= [["F(x(t)) r'(t)dt

_fh [2ascusst+2a3 cost sin’t — 2asint . 207 sin® ¢t + 20% cos? £ sint + 2a cost

(—asint) +
2
=f 2idt 4
i a

40. The stated condifions allow us to use the Divergence Theorem. Hence [[_ curlF -dS = [[[ _div(curl F)dV =0

(a cos t}] dt

a? a?

since div{curl F') = 0.
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