Chapter 15 Review: Evens

1. (a) A double Riemann sum of f is Z Z f(z3;. vi;) AA, where A A is the area of each subrectangle and (z};,v5;) 1sa

i=1j=
sample point in each subrectangle. If f(x, y) > 0, this sum represents an approximation to the volume of the solid that lies
above the rectangle R and below the graph of f.

(b)ffn fl=, y}d—l— hm E Ef(zw y,_,)&-’l

Ci=1j=
(©) If (=, y) = 0, [[, f(x, y) dA represents the volume of the solid that lies above the rectangle R and below the surface
z = f(z, y). If f takes on both positive and negative values, [, f(z, y) dA is the difference of the volume above R but
below the surface » = f(x, y) and the volume below R but above the surface » = f(x, y).

(d) We usually evaluate [[_ f(x.y)dA as an iterated mtegral according to Fubini’s Theorem (see Theorem 16.2 4
[ET 15.2.4]).

(e) The Midpoint Rule for Double Integrals says that we approximate the double integral [ f(z.y) dA by the double

Riemann sum ff:‘ En: f(%:.7;) AA where the sample points (z;,7,) are the centers of the subrectangles.

i=1j=1

(f) fae = —— -1(R} ff{.r y) dA where A (R) is the area of R.

2. (a) See (1) and (2) and the accompanying discussion in Section 163 [ET 15.3].
(b) See (3) and the accompanying discussion in Section 16.3 [ET 15.3].
(c) See (5) and the preceding discussion m Section 16.3 [ET 15.3].

(d) See (6)—(11) in Section 16.3 [ET 15.3].

3. We may want to change from rectangular to polar coordinates in a double intepral if the region R of intepration is more easily
described in polar coordinates. To accomplish this, we use [[_ f(z, y)dA = ff f: flrcos 8 rsinf)rdrdd where R is
givenby0 <a<r<ba<@<j.

(b) M, = ffD yplx, y)dA, M, = ffn zp(x, y)dA

() The center of mass is (T, 7) where ¥ = i:311-:1_ Mm.

@) L. = [[, ¥’ plz.y)dA, I, = [[, *p(z.y)dA, Io = [[, (=* + v )p(z, y) dA

5. @Pla<X <be<Y <d)= [ [*f(z,y)dydx
(®) f(z,y) = 0and [[5, f(z,y)dA =1

(c) The expected value of X 1s u; = [[5. xf(z, y) dA; the expected value of Y 15 ut, = [ yf(z.y) dA.

Page 1




Chapter 15 Review: Evens

s b1y n
6. (a) fjfB flz,y,z)dV = . rﬂlirn 3Ny El f(xzj-,,, Uik z::-,,) AV

L |
(b) We usually evaluate [[[, f(x, y,z)dV as an iterated integral according to Fubini’s Theorem for Triple Integrals
(see Theorem 16.6.4 [ET 15.6.4]).
(c) See the paragraph following Example 16.6.1 [ET 15.6.1].
(d) See (5) and (6) and the accompanying discussion in Section 16.6 [ET 15.6].
(e) See (10) and the accompanying discussion in Section 16.6 [ET 15.6].

(f) See (11) and the preceding discussion in Section 16.6 [ET 15.6].
7. (@m= fffE ple,y. z)dV
(b) M. = fffE xp(z,y, z)dV, Mz = fffE yplx,y, z)dV, Myy = fffE zplx, y, z)dV.
ﬂ‘{yz Mmz

- - M
= ,and 7 = —%.
m m

(c) The center of mass 1s (7, %, =) where 7 =

@ L = [[[o (" +2%)p(=,y.2)dV, L, = [[[ (= +2)p(=.y.2)dV, L = [[[ (= + v )p(z,y, 2)dV

8. (a) See Formula 16.7.4 [ET 15.7.4] and the accompanying discussion.
(b) See Formula 16.8.3 [ET 15.8.3] and the accompanying discussion.
(c) We may want to change from rectangular to cylindrical or spherical coordinates in a triple integral if the region E of
integration 1s more easily described in cylindrical or spherical coordinates or if the triple integral 1s easter to evaluate using

cylindrical or spherical coordinates.
% @ A(z,y) dx/du x/v _ 9z 9y B 9z Ay
W3 (uw,v) By/du By dv T Oudv  Ovdu

(b) See (9) and the accompanying discussion i Section 16.9 [ET 15.9].
(c) See (13) and the accompanying discussion in Section 16.9 [ET 15.9].

1. This is true by Fubini’s Theorem.

2. False. ful Js /= + v? dy dz describes the region of integration as a Type I region. To reverse the order of integration, we

must consider the region as a Type II region- ful f; Vet yldrdy
3. True by Equation 16.2.5 [ET 15.2.5].

4, f_11 f; =+’ sinydxdy = (Jf: e d;r) (f_11 eV’ sinydy) = (fnl &= dﬂ:) (0) =0, since v’ sin y 15 an odd function.

Therefore the statement 1s true.
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5. True: [, /4 — 2> — y? dA = the volume under the surface z* 4+ 3* + 2* = 4 and above the zy-plane
= 1 (the volume of the sphere 2* + y* + 2> =4) = 1 . $7(2)° = L&~

£l Fl
6. This statement is true because in the given region, (z* + /7 ) sin(z"y*) < (1 4+2)(1) = 3, s0

S (@* +/3) sin(=y?) dedy < [} [ 3dA = 3A(D) = 3(3) = 9.

7. The volume enclosed by the cone = = 4/x? + y? and the plane = = 2 is, in cylindrical coordinates,

V= [Tl rdzdrde £ [J7 [7 7 dzdr dé, so the assertion is false.

8. True. The moment of inertia about the z-axis of a solid E with constant density k is

L= [[[g (= +v*)plz.y.2)dV = [[[, (kr?)rdzdrdf = [[[_kr®dzdrdb.

2. Asin Exercise 1, we have m = n = 3 and A4 = 1. Using the contour map to estimate the value of f at the center of each
subsquare, we have

3

[z fzy)dd~ 3 > £(2.7,) AA

i=1j=1

= AA[£(0.5,05) + (0.5,1.5) + (0.5,2.5) + (1.5.0.5) + £(1.5, 1.5)
+ F(1.5,2.5) + (2.5,0.5) + £(2.5, 1.5) + F(2.5,2.5)]
~1[12+25+50+32+45+71+52+4+65+00] =442

a [} [Jyededy = [} [V] T dy= [} (¥ — Ddy=[e¥ —y]g=e—2

6. Jrul f:m 3zy® dydx = ful [xya] v==" o — ful (ze®® —z*)dx = %xe‘g”]: - ful %esm dx — [l

y== =

=
=

[I—

= =

integrate by parts
in the first term

1.3 1 3271 1 _ 2.3 4
= 3¢ _[Ee ]U_E_Ee ~ 3

8. Jrul f: f__: 6ryzdzdrdy = ful fuy [3:r:yzz]j:l drdy = ful fn!" (3zy — 32%y) dx dy
113 _2 3 _4_®E=u 13 3 3.5 3_ 4 1 671 1
=L B=v -3 dv=[, (3v° - 3) v =[5 - 3°], =3
10. The region R 1s a type II region that can be described as the region enclosed by the linesy =4 — oz, y =4 4 =,
and the »-axis. So using rectangular coordinates, we cansay B = {(z,y) |y —4 <2 <4 —y 0< y < 4}

and [f fe.v)dA = [J [} fz.y) dzdy.

v

12. The solidis {(p.6.¢) |1 <p <2 0<8 < Z,0 < ¢ < I} which is the region in the first octant on or between the two
spheres p=1and p = 2.
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14. ’ 1 41, 2? 1 pe? 1 .
[ [ Swu=[ [ e [ Saz e
: o Jyg T o Jo ¥ 0 v=

16. [[, cydA = [} [57Paydedy = [} y[3°]22%7" dy=1 [} w((y+2)* —y*)dy

w=y?

1
=L+ +y - )dy=1[Ly* + 37+ 22 - 1) =4

1 1 1 1 1
1 1 y=1 l1—= 1 x
= dydr = dr = dr = — d
fn./; T+a22 Y% .£ 1+ 2? (] @z fu T+a2 " ./.:: (1+$2 1+$2) :

= [tan"'z — 1 1In(1 -|—:r:2)]: =tan'1—2In2— (tan '0—1In1) =2 — 12

1
1s.ffﬂl+ ~d

= (=1 dy=[3v° —4];

2. [[, zdA= W’Q L *(reos@)rdrds = w,'z cos # df Lﬁ'rz dr = [sinﬂ]:;” [%rs];ﬁ

— 1i03/2 _ lrn3/2
=1-3(2°2-1)=1(2**-1)

24, fff ry dV —J”Uafl h‘fl —3 yxyd/dyd.r—f”?fl 3= zy(l — 3z —y)dydx

= 01’;3 - h{:o:y—.‘;’r y—xy’) dydx

1/3 =1—3
uf [ a‘y 2y2_%xy3]:=u z

= [}/3 [12(1 —32)" — 22%(1 — 32)® — 12(1 — 32)%] d=

0

L7 (32— 827+ 327 - $2%) do

1.2 1.2 4 o _511/3 _ 1
= 52’ —32° + 2t — F2°| U =

26. jijzdi.-'=fu1 u\”—” [y 7Y zdzdzdy = [ J‘V“" y]zdzdy:fl:%@—y:}(] — %) dy
= [ ie-y-22+ ) dy =1

B [[[ V@ T+ 2V = [T [ [ (¢ cos® 6)p(p” sin 0) dp do df

— uh df fﬂi’iz cos® ¢sin o do Jrul ,.:v'i dp =27 [—% cos” :::] ;"2 (%J —

&l
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. 7 V= [IE2EY dededy = [} [ 2y dwdy

=y+1 =4- 1
) yN » = [, 1[(4—2y)°y— (¥ +1)°y] ay

1
of 1 4 x = [ 3(—y* +5° — 117 + Ty)dy =3(—L1 + 5 - L+ ) =

2.V = [0 o drdg = [T [P (3r — r2sin6)drd6 = [77 [6 — Ssin6] df = 66]; +0 = 127

34. The paraboloid and the half-cone intersect when =* + y* = /22 + 32, thatis when =* + y* = 1 or 0. So

V= [f [YEP dzdA= [T [ [ rdzdrde = [2 [} (r* —r")drdf = [27(3 - 1)do = L(2r

=24y
x4yl
36. (@) m = t7Ka® where K is constant,
= [fo2srcas KzdA =K [[? [F 2 cos0dr df = 1Ka® [[/* cos6d6 = 3o’ K, and
M, =K [J/?[r*sinfdrdf = 1a*K [by symmetry M, = M.].

Hence the centroid is (Z,7) = (3xa, 5xa).

by m = ﬂz 0 *r* cos 8 sin® @ dr df = [;sm 9]““ (;aa) = %aﬁa
M, = ﬂIﬂ o T ® cos® @ sin® A dr df = %[ﬁ'——smilﬂ] "/ ﬁa } = glﬁriﬂ and
M, = ;r"z u" r® cos @sin’® 8 dr d = [% sin 9] /2 {1 ﬁj = 24 a®. Hence (T,7) = (%?m,ga}_

2r pa plhfe){e—r) S 2k B b T 4f
8 I.= v dzdrdf = 2x —(ar® —r*)dr = — L) ===

40. The region of integration is the solid hemisphere z*> +¢* + 2% < 4, > 0.

2 \f‘l—yz \,"'4—:2—1;2 2
y Vet + 22 dzdredy
-/i2~/0‘ —\.-’4—:2—y2

= fj_ﬁz fuw f;(p sin ¢ sin 8)* (\,n‘ o2 ) prsinodpdodd = _Wﬁz sin” 8 d8 f;r sin® o do Jruz 2o dp

= (36— §sin20] 77 [-5(2+sin’ o) cos o] ][]0 = (3) (3 +3) (F) = §=

42, LetthetetrahedrnnbecalledT.Theﬁ‘ontfaceofTisghrenbytheplaHEx—i—%y—l—%z: lorz=3—3z— 3y
which intersects the xy-plane m the line y = 2 — 2. So the total mass 1s

m = [[[,plz y, z)dV —fn F-aw 03_3:_3”2(95'2+y2+32]dzdyd.r= 1. The center of mass is

(z,9,7) = (m_lfffT zp(x, y, z)dV, m_lfffT yp(z, y, z) dV, m_lfffT zp(z,y, z) dl-’} = (%__ %__ %J
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44. Each lamp has exponential density function

0 if t <0

—& /800 :
$E / ift=0

If X, Y, and Z are the lifetimes of the individual bulbs, then X, ¥, and Z are independent, so the joint density function is the
product of the individual density functions:
L~ (e+u+2)/800  jf 2 >0,4>0,2>0

flz,y,z) =4 8%
0 otherwise

The probability that all three bulbs fail within a total of 1000 hours is P(X + Y + Z < 1000), or equivalently

P((X.Y, Z) € E) where E is the solid repion in the first octant bounded by the coordinate planes and the plane

x + y + =z = 1000. The plane = + y + = = 1000 meets the xy-plane in the line = + y = 1000, so we have

P(X +Y +Z <1000) = [[[, fz,y,z)dV = [0 [10007= [100072Y _L_o—(ztu+2)/800 g gy g

0 0 8007

1000 p1000== _gpp [e—(z+y+z)fsuu]z=1”"”—m—y dyde

=m o o

z=0

—1 plooo 1““”—3[3—5/4 e Hu)/500] g gy

— =00 Jo 0
=zl [E_EHy + 8[](]9—[=+yh‘800} ::000—= i
= ﬁs 5000[6—5}4(180[] —z)— gme—m;gug] de

= 5507 [—%E—EM(ISDG _a)? -1—80029—@!3"0]:000

==k [—§9—5f4(son)” +800%e™>/* + 17°/2(1800)" — 80[]2]

=1-Le* 01315
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48, ¥y z z
z=y2
4 4
Dy =
2
= D,
0 g x 0 2 ¥ 0 g x

J2IE 2 ey, 2) dzdedy = [[[, f(z.y,2)dV where E = {(2,y,2) | 0<y <2,0 <z <%0 <z < o).
If Dy, Dy, and D3 are the projections of E on the xy-, yz-, and xz-planes, then
Di={(x.y) |[0<y<20<2<y’} ={(z.y) | 0<2<8 Jz<y<2},
Dr={(y.2)|0<254yz<y<2}={(v,2) |0Zy<20< =<y}, Ds={(e.2) [ 02 <8,0< =<4}
Therefore we have
f:fgsfﬂyz flz,y,z)dzdedy = fuaféﬁfuyz flz.y,z)dzdydx = f;ffgfﬂy? flz, v, z)dx dydz
= f;fnyzfﬂya flz,y,z)drdzdy
= fuafumzﬁfg,;f(l‘,y-.z} dydzda:+fusf:”3 fjgf(x., y,z)dydzdx

272
=l lo [fl=y.2)dydedz+ [ [T [oz f(e,y,2) dydedz

2. 0 O
! Nzy.2) _ 0 2v 0 |=8uvw,so
HNu, v, w)
0 0 2w

V=[[[gdV = fulfl:_ufui_u_v SBuvw dw dv du = f;fl:_u duv(l —u—v)® du
= f(JIfuI_u [4u(1 —u)?v — 8u(l —u)v® + 4uv3:| dv du
= fﬂl [2u(1 —u)*— %u{] —u)* +u(l— u]"] du = 01 %u(l —u)*du

— 0=~ (=) = 30—+ H0 =0T = 3 D) = %

50. By the Extreme Value Theorem (15.7.8 [ET 14.7.8]), f has an absolute minimmum value m and an absolute maximum value M

mn D. Then by Property 16.3.11 [ET 15.3.11], mA(D) < [[_ f (x.y) dA < M A(D). Dividing through by the positive

number A(D), we get m < ﬁ f Flx,y)dA < M. Ths says that the average value of f over D lies between m and
* Fe)

M _ But f is continuous on D and takes on the values /n and M, and so by the Intermediate Value Theorem must take on all

values between 1y and M . Specifically, there exists a point (xo, yo) in D such that f (z¢, yo) = ﬁ f flz.y)dAor
< n

equivalently [, £(x.y) dA = f(z0,v0) A(D).
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] _1 Rar yd 1 R 1
52. —  —dA = ———tdtdfd = 27w gt
@ /L @+ ) /u f @) f

2r 5 F 2 o 2 )
=" = R—" — " if 2
2—n ] 2—71( " ) n#

27 In(R/r) fn=2

(b) The integral in part (a) has a limit as » — 07 for all values of n suchthat2 —n >0 < n <2

1 i ¥ T 2 1 . R .
(c) /fj; (x2 + y2 + 22)n/2 dl =f l; /u\ _(pz_}“fzp smod&d@d’p:%l—fr Jru p2 ™ sin ¢ do dp
r

Lb B Am :
p‘?_“] =3— (RF™ —r¥ ™) ifn#3

dmIn(R/7) fn=3

(d) As r — 07, the above integral has a limit, provided that 3 —n >0 < n < 3.
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